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DECOMPOSITIONS OF SURFACE FLOWS
TOMOO YOKOYAMA
Abstract. We construct a complete invariant for surface flows of finite type.
In fact, although the set of topological equivalence classes of minimal flows
(resp. Denjoy flows) on a torus is uncountable, we enumerate the set of topo-
logical equivalence classes of flows with at most finitely many limit cycles but
without Q-sets and non-degenerate singular points on a compact surface using
finite labelled graphs. To enumerate such flows, we describe properties of bor-
der points of a flow without degenerate singular points on a compact surface.
In particular, we show that each connected component of the complement of
the “saddle connection diagram” is either an open disk, an open annulus, a
torus, a Klein bottle, an open Mo¨bius band, or an open essential subset. More-
over, we generalize the Poincare´-Bendixson theorem for a flow with arbitrarily
many singular points on a compact surface. In fact, the ω-limit set of any non-
closed orbit is either a nowhere dense subset of singular points, a limit cycle, a
limit “quasi-circuit”, a locally dense Q-set, or a “quasi-Q-set”. In addition, for
such a surface flow, we characterize the necessary and sufficient conditions for
the closure of the union of closed orbits corresponding to the non-wandering
set.
1. Introduction
The Poincare´-Bendixson theorem is generalized in several ways. For instance, a
following statement holds (see for example [14]): The ω-limit set of an orbit of a
flow with finitely many fixed points on a compact surface is either a closed orbit,
an attracting limit circuit, or a Q-set.
Peixoto [15] showed that a vector field v ∈ χr(S) is structurally stable if and
only if v ∈ Σr(S), where χr(S) (1 ≤ r ≤ ∞) is the set of Cr-vector fields (with the
Cr- topology) on an orientable closed connected surface S and Σr(S) is the subset
of χr(S) formed by the Morse-Smale Cr-vector fields. Moreover, Σr(S) is open
and dense in χr(S). Recall that a Cr vector field (r ≥ 1) on S with finitely many
singular points is Morse-Smale if 1) each singular point is hyperbolic (i.e. a sink,
a source, or a saddle); 2) each periodic orbit is a hyperbolic limit cycle; 3) there
are no heteroclinic multi-saddle separatrices; and 4) the ω-limit (resp. α-limit) set
of a point is a closed orbit. When S is non-orientable, Pugh’s C1-Closing Lemma
implies [16, 17] that Σ1(S) is dense and that the Peixoto’s work holds for the case
in which the non-orientable genus of S is less than five [6, 10]. On Hamiltonian
vector fields, a Hamiltonian vector field v ∈ Hr(S) is structurally stable in Hr(S) if
and only if v ∈ Hr∗(S), and that H
r
∗(S) is open dense in H
r(S) [8], where Hr(S) is
the set of Hamiltonian Cr vector fields on an orientable closed connected surface S
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and Hr∗(S) is the set of regular Hamiltonian C
r vector fields each of whose saddle
connection is self-connected.
In this paper, we describe the properties of the border points of a flow v without
degenerate singular points on a compact surface and characterize the necessary and
sufficient conditions for the closure of the union of closed orbits corresponding to
the non-wandering set. Moreover, each connected component of the complement of
the “saddle connection diagram” is either an open disk, an open annulus, a torus,
a Klein bottle, an open Mo¨bius band, or an open essential subset. In addition,
although the set of topological equivalence classes of minimal flows (resp. Denjoy
flows) on a torus is uncountable, a flow with at most finitely many limit cycles
but without non-degenerate singular points and Q-sets on a compact surface can
be reconstructed from the finite data. In other words, we construct a complete
invariant for surface flows of finite type.
By [3], any connected finite poset can be realized by the singular part of the
leaf class space of a transversally oriented codimension one C1-foliation on a closed
oriented three manifold. In [4], Bonatti et al. showed that any finite connected
poset can be realized by the orbit class space of a finitely generated group of home-
omorphisms of a compact connected topological space. They also state the question
of whether any finite Hasse diagram can be realized on a compact manifold. On
the other hand, we show that the heights of the orbit spaces of flows on orientable
(resp. non-orientable) compact surfaces with genus g (resp.p) are at most 2g + 3
(resp. 2p + 1). In particular, no posets whose heights are at least 2g + 4 (resp.
2p+2) can be realized on a compact orientable (resp. non-orientable) surface with
genus g (resp. p).
The present paper consists of thirteen sections. In the next section, as prelim-
inaries, we introduce some fundamental notions. In §3, properties of surface flows
are described in general. In §4, we study heights of orbits. In §5, we show the
finiteness of singular points implies that a quasi-Q-set is a Q-set and that a limit
quasi-circuit is a limit circuit. In §6, we generalize the Poincare-Bendixson theorem
for a flow with arbitrarily many singular points on a compact surface. In §7, prop-
erties of surface flows with finitely many singular points are described. In §8, we
study the border point set. In §9, structures of orbits are described. In particular,
we show that the heights of the orbit spaces of flows with finitely many singular
points on compact surfaces are at most three. In §10, decompositions of flows are
constructed. In §11, we characterize the necessary and sufficient conditions for the
closure of the union of closed orbits corresponding to the non-wandering set (i.e.
Cl(v) = Ω(v)). In §12, a complete invariant for surface flows of finite type are
constructed. In §13, we note that each of conditions of “finite type” (i.e. quasi-
regularity, finite condition of limit cycles, non-existence of Q-sets) is necessary to
construct a complete invariant using finite data.
2. Preliminaries
2.1. Notions of dynamical systems. By a surface, we mean a compact two
dimensional manifold, that dose not need to be orientable. A flow is a continuous
R-action on a manifold. From now on, we suppose that flows are on surfaces. Let
v : R×S → S be a flow on a surface S. For t ∈ R, define vt : S → S by vt := v(t, ·).
For a point x of S, we denote by O(x) the orbit of x and O+(x) the positive orbit
(i.e. O+(x) := {vt(x) | t > 0}). Recall that a point x of S is singular if x = vt(x)
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for any t ∈ R, is regular if x is not singular, and is periodic if there is a positive
number T > 0 such that x = vT (x) and x 6= vt(x) for any t ∈ (0, T ). An orbit
is closed if it is singular or periodic. Denote by Sing(v) the set of singular points
and by Per(v) (resp. Cl(v)) the union of periodic (resp. closed) orbits. Recall
that the ω-limit (resp. α-limit) set of a point x is ω(x) :=
⋂
n∈R {vt(x) | t > n}
(resp. α(x) :=
⋂
n∈R {vt(x) | t < n}), where the closure of a subset A is denoted
by A. A point is wandering if there are its neighborhood U and a positive number
N such that vt(U) ∩ U = ∅ for any t > N . A point is non-wandering if it is not
wandering (i.e. for any its neighborhood U and for any positive number N , there
is a number t ∈ R with |t| > N such that vt(U) ∩ U 6= ∅). Denote by Ω the
set of non-wandering points, called the non-wandering set. For an orbit O, define
ω(O) := ω(x) and α(O) := α(x) for some point x ∈ O. Note that an ω-limit (resp.
α-limit) set of an orbit is independent of the choice of a point in the orbit. A subset
is saturated (or invariant) if it is a union of orbits. The saturation of a subset is
the union of orbits intersecting it. Denote by Satv(A) the saturation of a subset A.
Then Satv(A) =
⋃
a∈AO(a). A point x of S is recurrent (resp. weakly recurrent)
if x ∈ ω(x) ∩ α(x) (resp. x ∈ ω(x) ∪ α(x)). A quasi-minimal set (or a Q-set for
brevity) is defined to be the orbit closure of a non-closed weakly recurrent point. It
is known that a total number of Q-sets for v cannot exceed g if M is an orientable
surface of genus g [9], and p−1
2
if M is a non-orientable surface of genus p [11].
Therefore the closure LD ⊔ E is a finite union of Q-sets.
2.2. Types of singular point. A singular point x on (resp. outside of) the bound-
ary ∂S of a surface S is a ∂-sink (resp. sink) if there is a neighborhood U of x
such that ω(y) = {x} for any y ∈ U , is a ∂-source (resp. source) if there is a
neighborhood U of x such that α(y) = {x} for any y ∈ U , is a center if there is
a saturated neighborhood U of x such that U − {x} consists of periodic orbits. A
separatrix is a regular orbit whose α-limit or ω-limit set is a singular point. A
separatrix is connecting if each of its ω-limit set and α-limit sets is a singular point.
A ∂-k-saddle (resp. k-saddle) is an isolated singular point on (resp. outside of) ∂S
with exactly (2k + 2)-separatrices, counted with multiplicity. A multi-saddle is a
k-saddle or a ∂-(k/2)-saddle for some k ∈ Z≥0. The degree of a multi-saddle x is
the number of its separatrices counted with multiplicity and is denoted by deg(x).
A 1-saddle is topologically an ordinary saddle.
2.3. (Quasi-)Regularity. A flow is quasi-regular (resp. regular) if each singular
point is either a center, a multi-saddle (resp. a saddle, a ∂-saddle), a sink, a ∂-sink,
a source, or a ∂-source. Note that a non-wandering flow with finitely many singular
points on a compact surface is quasi-regular [5]. Conversely, a quasi-regular flow
on a compact surface has finitely many singular points.
2.4. Topological properties of orbits. An orbit is proper if it is embedded (i.e.
it has a neighborhood in which the orbit is closed), locally dense if its closure has
nonempty interior, and exceptional if it is neither proper nor locally dense. A point
is proper (resp. locally dense, exceptional) if so is its orbit. Denote by LD (resp.
E, P) the union of locally dense orbits (resp. exceptional orbits, non-closed proper
orbits). Note that P is the complement of the set of weakly recurrent points and
that LD ⊔ E is the union of non-closed weakly recurrent orbits. By definition, we
have a decomposition S = Sing(v) ⊔ Per(v) ⊔ P ⊔ LD ⊔ E, where ⊔ is the disjoint
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union symbol. For a closed invariant set γ, define the stable manifold W s(γ) :=
{y ∈ S | ω(y) ⊆ γ} and the unstable manifold Wu(γ) := {y ∈ S | α(y) ⊆ γ}.
2.5. Topological notions. A (quasi-)minimal set is exceptional (resp. locally
dense) if it is a closure of an orbit intersecting E (resp. LD). Note that exceptional
(quasi-)minimal set is transversely a Cantor set (i.e. there is a small neighborhood
U of a weakly recurrent point of the minimal set M such that M∩U is a product
of an open interval and a Cantor set). Recall that the (orbit) class Oˆ of an orbit O
is the union of orbits each of whose orbit closure corresponds to O (i.e. Oˆ = {y ∈
S | O(y) = O}). Denote by ∂A := A− intA the boundary of a subset A ⊆ S. Define
the border δA := A− intA of a subset A ⊆ S. Denote by σA := A−A the shell of a
subset A ⊆ S. Then ∂A = δA ⊔ σA. A one-dimensional cell complex is essential if
it is not null homologous with respect to the relative homology group H1(S, ∂S;Z).
Note that a one-dimensional cell complex γ is essential in a compact surface S if
and only if γ is not null homotopic in S∗, where S∗ is the resulting closed surface
from S by collapsing all boundaries into singletons. A subset of S is essential if it is
not null homotopic in S∗. We call that a singular point is a compressed center if for
any of its neighborhood U , there is an open neighborhood V ⊂ U whose boundary
is a periodic orbit. Note that a center is a compressed center.
A subset A of a surface is a collar of an immersed closed curve γ if there is a
neighborhood U of γ such that A is a connected component of the complement
U − γ.
2.6. Transversality. Recall that a curve is a continuous mapping C : I → S
where I is a non-degenerate connected closed subset of S1. A curve is simple if it
is injective. We also denote by C the image of a curve C. Denote by ∂C := C(∂I)
the boundary of a curve C, where ∂I is the boundary of I ⊂ S1. A simple curve
is a simple closed curve if its domain is S1 (i.e. I = S1). A curve C is transverse
to v at a point p if there are an orbit arc γ containing p and a small open disk U
centered at p such that C ∩ γ = {p}, γ − {p} ⊂ U \C, and that U \C is a disjoint
union of two open disks each of which intersects γ. A simple curve C is transverse
to v if it is transverse to v at each point in C − ∂C. A simple curve C is transverse
to v is called a transverse arc. A simple closed curve is a closed transversal if it
transverses to v.
An ω-limit (resp. α-limit) set of a point is a quasi-Q-set if it intersects an
essential closed transversal infinitely many times. Note that a quasi-Q-set need not
be arcwise-connected (see Figure 12). We will show that a Q-set is a quasi-Q-set(see
Lemma 3.4).
2.7. One- and two-sided loops. By a loop, we mean a simple closed curve in
a surface. Recall that a boundary component is a connected component of the
boundary of a surface. A loop is one-sided if it is either a boundary component of a
surface or has a small neighborhood which is a Mo¨bius band. A loop γ which is not
a boundary component is two-sided if it has an open small annular neighborhood
A such that the complement A− γ consists of two open annuli.
2.8. Multi-saddle connection diagrams. A connecting separatrix is a multi-
saddle separatrix if each of its α-limit and ω-limit set is a multi-saddle. The multi-
saddle connection diagram D is the union of multi-saddles and multi-saddle separa-
trices. A (multi-)saddle connection is a connected component of the (multi-)saddle
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connection diagram. Note that a multi-saddle connection is also called a poly-cycle.
A connecting separatrix is a self-connected separatrix if either its ω-limit set and α-
limit set correspond or it connects multi-saddles on the same boundary component.
Note that a homoclinic multi-saddle separatrix is self-connected and a heteroclinic
multi-saddle separatrix outside of the boundary is not self-connected.
2.9. Self-connectedness. A (multi-)saddle connection is self-connected if all the
separatrices are self-connected. The (multi-)saddle connection diagram is self-
connected if so is each connected component.
2.10. Circuits. A trivial circuit is a singular point. By a cycle or a periodic circuit,
we mean a periodic orbit. By a non-trivial circuit, we mean either a cycle or an
image of a circle which is a graph and which is the union of separatrices and finite
singular points. A circuit is either a trivial or non-trivial circuit. A trivial quasi-
circuit is a cycle or a singular point. A closed connected invariant subset is a
non-trivial quasi-circuit if it is a boundary component of an open annulus, and
contains a non-closed proper orbit, and consists of non-closed proper orbits and
singular points. A quasi-circuit is either a trivial or non-trivial quasi-circuit. A
non-trivial (quasi-)circuit γ is said to be limit if either α(x) = γ or ω(x) = γ for
some point x /∈ γ. A (quasi-)circuit γ is attracting (resp. repelling) if there is an
open annulus A such that a boundary component of A is γ and that A ⊆ W s(γ)
(resp. A ⊆ Wu(γ)). Then A is called an attracting (resp. a repelling) collar basin
of γ.
2.11. Ss-multi-saddle connection diagrams. An invariant subset is an ss-component
if it is either a sink, a ∂-sink, a source, a ∂-source, a limit circuit, or an exceptional
Q-set. A separatrix is an ss-separatrix if it connects a multi-saddle and an ss-
component. In other words, a separatrix whose ω-limit set is a multi-saddle is an
ss-separatrix if its α-limit set is an ss-component. A separatrix whose α-limit set is
a multi-saddle is an ss-separatrix if its ω-limit set is an ss-component. The degree
of an ss-component γ is the number of its ss-separatrices counted with multiplicity
and is denoted by deg(γ). The ss-multi-saddle connection diagram Dss is the union
of multi-saddles, multi-saddle separatrices, ss-separatrices, and ss-components. An
ss-multi-saddle connection is a connected component of the ss-multi-saddle connec-
tion diagram. Note that Dss is the union of multi-saddle connection diagram D,
ss-separatrices, and ss-components.
2.12. Properties of (quasi-)circuits. Define the degree of a limit (quasi-)circuit
γ with a attracting (resp. repelling) collar basin A as the number of the ss-
separatrices intersecting A whose ω-limit set (resp. α-limit) set is γ and denote
it by degA(γ). Note that a (∂-)source is an attracting trivial circuit and a (∂-)sink
is a repelling trivial circuit. A non-periodic limit (quasi-)circuit γ is a strict limit
(quasi-)circuit if either γ is one-sided or there are a collar basin A of γ and a collar
basin A′ of a limit (quasi-)circuit µ with µ ∩ γ 6= ∅ and A ∩ A′ = ∅. In other
words, a non-periodic limit (quasi-)circuit γ is strict limit (quasi-)circuit if either
γ is one-sided or there are a separatrix µ ⊆ γ and an open transverse arc T in-
tersecting µ such that fv|T− (resp. fv|T+) is either contracting or repelling, where
fv : T → T is the first return map, T− and T+ are the two connected components
of T \ µ. A limit cycle is a limit (quasi-)circuit in Per(v). A non-trivial circuit γ
is a directed circuit if there are an open annulus A and a projection p : A → S1
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such that the circuit γ is a boundary component of A and each fiber of p (i.e. the
inverse image by p of a point) is an open transverse arc to v. Then the annulus A
is called an associated collar of γ. In other words, a (quasi-)circuit γ is directed if
there is an open annulus A such that a boundary component of A is γ and that
the orientation of the immersed circle γ corresponds to one of non-singular orbits
in the (quasi-)circuit γ. Note that each limit circuit is a directed circuit and that
each collar basin is an associated collar.
2.13. Flows of finite type. A flow is of finite type if 1) it is quasi-regular, 2)
there are at most finitely many limit cycles, and 3) LD ⊔ E = ∅ (i.e. there are no
Q-sets).
2.14. Border points. Denote by ∂Per the union of periodic orbits in ∂S∩int Per(v).
Moreover, denote by Pms (resp. Pss) the union of multi-saddle separatrices (resp.
ss-separatrices) in intP. Define Plc :=
⋃
{γ ⊂ intP⊔Sing(v) : limit circuit}\Sing(v)
In other words, the set Plc is the intersection of intP and the union of limit circuits.
Put Psep = (Plc ∪Pms) ⊔ Pss. If v is quasi-regular, then Plc ⊆ Pms. Define the set
Bd of border points by Bd := ∂ Sing(v) ∪ ∂ Per(v) ∪ ∂P ∪ ∂LD ∪ ∂E ∪ Psep ∪∂Per.
Denote by Per1 the union of one-sided periodic orbits in int(Per(v)− ∂Per). Define
BD := Bd⊔Per1.
2.15. Orders. A binary relation on a set is a pre-order if it is antisymmetric and
transitive. A binary relation on a set is a partial order if it is reflexive, antisym-
metric, and transitive. A poset is a set with a partial order.
2.16. A cyclic order near a sink (resp. source). Define a cyclic relation ∼c
on a finite set F with n points as follows: (O1, O2, . . . , On) ∼c (Oi1 , Oi2 , . . . , Oin) if
F = {O1, O2, . . . , On} and there is an integer k = 0, 1, . . . , n−1 such that j−ij ≡ k
mod n. An equivalence class is called a cyclic class of F .
Fix a multi-saddle (resp. a sink or a source) x outside of the boundary of a surface
S. Let Ex be the set of separatrices of x (resp. between x and multi-saddles) and
n := deg(x) = |Ex|. Define a cyclic order <c on Ex as follows: For an orientation µ
near x, a cyclic class [O1, O2, . . . , On] of Ex is counterclockwise with respect to µ if
the separatrices O1, . . . , On are arranged in the counterclockwise direction around x
with respect to µ. Denote by [O1, O2, . . . , On]µ a counterclockwise cyclic class with
respect to µ. Define an equivalent relation ≈c for counterclockwise cyclic classes as
follows: [O1, O2, . . . , On]µ ≈c [O′1, O
′
2, . . . , O
′
n]µ′ if one of the following conditions
holds
1) µ = µ′ and [O1, O2, . . . , On]µ = [O
′
1, O
′
2, . . . , O
′
n]µ′
2) µ and µ′ are opposite and [O1, O2, . . . , On]µ = [O
′
n, O
′
n−1, . . . , O
′
1]µ′ .
The equivalence class is called a cyclic class of x and denoted by [O1, O2, . . . , On]x.
Then a cyclic order <c near x is defined by O1 <c O2 <c . . . <c On <c O1 (i.e.
Oi <c Oj if j − i ≡ 1 mod n), where [O1, O2, . . . , On]x is a cyclic class of x.
2.17. Total order near a ∂-sink (resp. ∂-source). Fix a multi-saddle (resp.
a ∂-sink or a ∂-source) x on the boundary of a surface S. Let Ex be the set of
separatrices of x (resp. between x and multi-saddles) and n := deg x = |Ex|.
Define a total order <t on Ex as follows: For an orientation µ near x, a tuple
(O1, O2, . . . , On) of Ex is counterclockwise with respect to µ if O1 ⊔ On ⊂ ∂S and
the separatrices O1, . . . , On are arranged in the counterclockwise direction around
x with respect to µ. Denote by [O1, O2, . . . , On]µ a counterclockwise class with
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respect to µ. Define an equivalent relation≈t for counterclockwise classes as follows:
[O1, O2, . . . , On]µ ≈t [O′1, O
′
2, . . . , O
′
n]µ′ if one of the following conditions holds
1) µ = µ′ and [O1, O2, . . . , On]µ = [O
′
1, O
′
2, . . . , O
′
n]µ′
2) µ and µ′ are opposite and [O1, O2, . . . , On]µ = [O
′
n, O
′
n−1, . . . , O
′
1]µ′ .
The equivalence class is called a totally ordered class of x and denoted by [O1, O2, . . . , On]x.
Then a total order <t near x is defined by O1 <t O2 <t . . . <t On (i.e. Oi <t Oj if
i < j), where [O1, O2, . . . , On]x is a totally ordered class of x.
2.18. Cyclic order near a one-sided limit circuit. Fix a one-sided limit circuit
γ with the collar direction on a surface S. Let Eγ be the set of ss-separatrices each of
whose ω-limit or α-limit) set is γ. Put n := deg(γ) = |Eγ |. Define a cyclic order <c
on Eγ as follows: A tuple (O1, O2, . . . , On) of Eγ is counterclockwise with respect
to γ if there is a closed transversal C near and parallel to γ and the intersections of
C and the separatrices O1, . . . , On are arranged in the counterclockwise direction of
γ on C. Then a cyclic order <c near γ is defined by O1 <c O2 <c . . . <c On <c O1
(i.e. Oi <c Oj if j − i ≡ 1 mod n), where (O1, O2, . . . , On) is counterclockwise
with respect to γ.
2.19. A two-sided limit circuit with the collar direction. Let γ be a two-
sided limit circuit with two disjoint collars A and A′ and let Lγ be the set of
connected components of S −Dss each of which intersects A ⊔ A′. Then the pair
(γ, Lγ) is called a two-sided limit circuit with the collar direction.
2.20. Cyclic order near a two-sided limit circuit. Fix a two-sided limit circuit
γ with the collar direction on a surface S and with an attracting (resp. repelling)
collar basin A of γ . Let Eγ be the set of ss-separatrices which intersect A and each
of whose ω-limit (resp. α-limit) set is γ. Put n := |Eγ |. Define a cyclic order <c on
Eγ as follows: A tuple (O1, O2, . . . , On) of Eγ is counterclockwise with respect to γ
if there is a closed transversal C near and parallel to γ such that the intersections of
C and the separatrices O1, . . . , On are arranged in the counterclockwise direction of
γ on C. Then a cyclic order <c near γ is defined by O1 <c O2 <c . . . <c On <c O1
(i.e. Oi <c Oj if j − i ≡ 1 mod n), where (O1, O2, . . . , On) is counterclockwise
with respect to γ.
2.21. Heights of orbits. For a subset A and a point x of a topological space
(X, τ), an abbreviated form of the singleton {x} (resp. the difference A− {x}, the
point closure {x}) will be x (resp. A − x, x). The specialization pre-order ≤τ on
a topological space (X, τ) is defined as follows: x ≤τ y if x ∈ y. Define the upset
↑x := {y ∈ P | x ≤τ y}, the downset ↓ x := {y ∈ P | y ≤τ x}, and the class
xˆ := ↓x ∩ ↑x. Then the set of classes is a decomposition and so its quotient space
is a T0 space, which is called the T0-tification of X and denoted by Xˆ. Denote by
maxX (resp. minX) the set of maximal (resp. minimal) points. Note that ↓ x = x
and that the set minX of minimal points in X is the set of points whose classes
are closed. Define the upset ↑A :=
⋃
x∈A ↑ x, the downset ↓A :=
⋃
x∈A ↓x, the
class Aˆ :=
⋃
x∈A xˆ, A
⇑ = ↑A − Aˆ, and A⇓ = ↓A − Aˆ. Notice that x⇑ = ↑x − xˆ,
x⇓ = ↓x − xˆ, ↓A ⊆ A, and A⇓ ⊆ A − A = σA. Define the height htτ x of x
by htτ x := sup{#C − 1 | C : chain containing x as the maximal point}. Recall
that a chain is a totally ordered subset of a pre-ordered set. The height htτ A of a
nonempty subset A ⊆ X is defined by htτ A := supx∈A htτ x. Define htτ ∅ = −1.
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Figure 1. A center disk, a sink disk, and a source disk
? ? ?
Figure 2. An operation Ct, an operation Co, and an operation Cd
2.22. Orbit (class) spaces. For a flow v on a compact surface S, denote by
(S/v, τv) (resp. (S/vˆ, τvˆ)) the orbit space (resp. orbit class space). Note that the
orbit class space S/vˆ is the T0-tification of the orbit space S/v. For a point x ∈ S,
define the height of x by the height of the point xˆ in S/vˆ and write ht(x) := htτvˆ(xˆ).
Then the compatible pre-order ≤ on S, called the specialization pre-order of the
quotient topology τvˆ, is defined as follows: x ≤ y if xˆ ≤τvˆ yˆ. Denote by Sk
the set of points of height k. The height htA of a subset A ⊆ S is defined by
htA := supx∈A ht(x). The height of the flow v is defined by ht(v) := ht(S). The
orbit space T/v (resp. orbit class space T/vˆ) of a saturated subset T of S is a
subset of the orbit space S/v (resp. orbit class space S/vˆ) and a quotient space
T/ ∼ defined by x ∼ y if O(x) = O(y) (resp. O(x) = O(y)).
2.23. Center disks, sink disks, source disks. A closed disk is a center disk if
it is a union of one center and periodic orbits. A closed disk is a sink (resp. source)
disk if its boundary is a closed transversal and its interior consists of one sink (resp.
source) and of subsets of non-closed proper orbits (see Figure 1).
2.24. Operations. Define an operation Ct as cutting an essential closed transver-
sal and pasting one sink disk and one source disk, an operation Co as cutting an
essential periodic orbit and pasting one or two center disks, and an operation Cd
as removing an essential one-sided (resp. two-sided) loop in D and pasting a dou-
ble covering (resp. two copies) of the loop to the new boundary (resp. new two
boundaries) (see Figure 2). Recall that a Cherry blow-up operation replaces a flow
box with a Cherry flow box as shown in Figure 3. Denote by Chl a Cherry blow-up
operation to a limit cycle (i.e. replacing a limit cycle by a Cherry flow with a ho-
moclinic separatrix of the saddle) as shown in Figure 4. We can define an Cherry
blow-up operation to a directed circuit as shown in Figure 4 and denote it by Chl.
2.25. Graphs. Recall an ordered triple G := (V,E, r) is an abstract multi-graph
if V and E are sets and r : E → {{x, y} | x, y ∈ V }. An ordered triple G =
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Figure 3. A flow box and a Cherry flow box
Figure 4. A Cherry blow-up operation to an attracting directed circuit
(V,E, r) is an abstract multi-graph with 0-hyper-edges if V and E are sets and
r : E → {{x, y} | x, y ∈ V } ⊔ {∅}. A graph is a cell complex whose dimension
is at most one and which is a geometric realization of an abstract multi-graph.
Note that a finite (directed) multi-graph can be embedded in a surface. In other
words, it can be drawn such that no edges cross each other. Such a drawing is
called a surface (directed) graph. Moreover a disjoint union of a surface directed
graph and finite simple closed directed curves embedded in a surface is called a
generalized surface directed graph. Note that a generalized surface directed graph
is a geometric realization of an abstract multi-graph with 0-hyper-edges on a surface
such that 0-hyper-edges are realized by disjoint simple closed directed curves.
2.26. Multi-graphs as posets. A poset P is said to be multi-graph-like if the
height of P is at most one and | ↓x| ≤ 3 for any element x ∈ P . For a multi-graph-
like poset P , each element of P0 is called a vertex and each element of P1 is called
an edge. Then an abstract multi-graph G can be considered as a multi-graph-like
poset (P,≤G) with V = P0 and E = P1 as follows: P = V ⊔ E and x <G e if
x ∈ r(e). Conversely, a multi-graph-like poset P can be considered as an abstract
multi-graph with V = P0, E = P1, and r : P1 → {{x, y} | x, y ∈ V } defined by
r(e) := ↓ e− {e}.
2.27. Reeb domains. An open saturated annulus A ⊆ P of a surface S is called
a Reeb domain with respect to a flow on S (see Figure 5) if there are two limit
circuits γ−, γ+ with ∂A = γ− ∪ γ+ and A ⊆W
u(γ−) ∩W s(γ+) such that the flow
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Figure 5. A Reeb domain
directions of γ− and γ+ with respect to the metric completion of A are opposite,
where Wu(γ−) is the unstable manifold of γ− and W
s(γ+) is the stable manifold
of γ+.
2.28. Dimensions. By dimension, we mean the small inductive dimension. By
Urysohn’s theorem, the Lebesgue covering dimension, the small inductive dimen-
sion, and the large inductive dimension corresponded in normal spaces. A compact
metrizable space X whose inductive dimension is n > 0 is an n-dimensional Cantor-
manifold if the complement X − L for any closed subset L of X whose inductive
dimension is less than n − 1 is connected. It is known that a compact connected
manifold is a Cantor-manifold [7, 19].
3. Properties of surface flows
Let v be a flow on a compact connected surface S. Note that the closedness of the
set of singular points implies δP = P∩Per(v) ⊔ LD ⊔ E = P∩(σPer(v)∪σLD∪σE).
We characterize shells σA = A−A.
Lemma 3.1. The following statements hold for a flow v on a compact surface S:
1) σLD ⊆ δ Sing(v) ⊔ δP.
2) σE ⊆ δ Sing(v) ⊔ δP.
3) σ Per(v) ⊆ δ Sing(v) ⊔ δP.
In other words, we have σPer(v) ∪ σLD ∪ σE ⊆ δ Sing(v) ⊔ δP.
Proof. It is known that a total number of Q-sets for v is bounded [9, 11]. By
Proposition 2.2 [21], assertions 1) and 2) hold. Lemma 2.3 [21] implies that Per(v)∩
(LD ⊔ E) = ∅ and so Per(v) ⊆ δ Sing(v) ⊔ Per(v) ⊔ δP. 
We characterize the border δP = P− intP of the union P.
Lemma 3.2. δP = (σ Per(v) ∪ σLD ∪ σE) \ Sing(v).
Proof. Lemma 3.1 implies that (σ Per(v)⊔σLD⊔σE)\Sing(v) ⊆ δP. Conversely, the
closedness of Sing(v) implies that δP = P− intP = P∩S − P = S − P− (S −P) =
σ(S − P) = σ(Sing(v) ⊔ Per(v) ⊔ LD ⊔ E) ⊆ σ(Per(v) ⊔ LD ⊔ E) \ Sing(v) =
(σPer(v) ∪ σLD ∪ σE) \ Sing(v). 
Lemma 3.3. For any point x ∈ LD ⊔ E, there is a closed transversal γ through
O(x) in U such that the intersection γ ∩ O(x) is infinite. Moreover each closed
transversal through a point in LD ⊔ E is essential.
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Figure 6. The waterfall construction
Proof. Fix a point x ∈ LD ⊔ E and a transverse arc I ⊂ U such that x is the
interior point of I. Fix a path C in the orbit O(x) whose boundary is contained in
I. Taking a small sub-arc of I, by the non-closed weak recurrence, we may assume
that the holonomy map along C is orientation-preserving, because a Mo¨bius band
contains an annulus. By the waterfall construction (see Figure 6), there is a closed
transversal γ intersecting O(x) near the union of the path C and the transverse sub-
arc J of I with ∂C = ∂J . Since x is non-trivial recurrent, the intersection γ ∩O(x)
is infinite. Suppose that γ is not essential. Let S∗ be the resulting closed surface
from S by collapsing all boundaries into singletons. Then γ is null homotopic in
S∗ and so the point x ∈ P, which contradicts the weak recurrence of x. 
This implies the following corollary.
Corollary 3.4. A Q-set is a quasi-Q-set
Proof. Let γ be a Q-set. Then there is a non-trivial weakly recurrent orbit O ⊂ γ.
By Lemma 3.3, there is an essential closed transversal T through O in U . Then it
intersects an essential closed transversal infinitely many times. 
We obtain the following description of a neighborhood of Per(v).
Lemma 3.5. The union Per(v) ⊔ intP is an open neighborhood of Per(v). In
particular, Per(v) ∩ δP = ∅.
Proof. Taking the orientation double covering (resp. the double of a manifold), we
may assume that S is closed orientable. Fix a point x ∈ Per(v). Take a small collar
U ⊆ S − Sing(v) of O(x). The flow box theorem implies that there are an open
annulus A ⊆ U which is also a collar ofO(x) and a transverse closed arc T+ ⊆ A such
that x is contained in ∂T+. Then there are a small subinterval S+ ⊆ T+ containing
x and the first return map fv+ : S+ → T+ induced by v. Then fv+(x) = x.
Identify T+ with [0, 1] (resp. x with 0). We show that Satv(T+) ⊆ Per(v) ⊔ intP.
Indeed, suppose that fv+ : S+ → T+ is either contracting or expanding near zero.
Then O is a limit cycle and so Satv(T+) ⊆ Per(v) ⊔ intP. Suppose that fv+ :
S+ → T+ is neither contracting nor expanding near zero. This implies that zero
is an accumulation point of the fixed point set Fix(fv). Shortening T+, we may
assume that fv(1) = 1 and so S+ = T+. Then the saturation of T+ is a closed
annulus, and each orbit intersecting Fix(fv) is contained in Per(v) and each orbit
intersecting T+−Fix(fv) is contained in intP. Therefore Satv(T+) ⊆ Per(v)⊔ intP.
By symmetry, there is a transverse closed arc T− ⊆ A with x ∈ ∂T− such that
T− ∩ U = ∅ and Satv(T+) ⊆ int(Per(v) ⊔ intP). Then the union T := T− ∪ T+ is a
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transverse closed arc with x ∈ intT such that Satv(T ) ⊆ int(Per(v) ⊔ intP). This
implies that Per(v) ⊔ intP is a neighborhood of x and so of Per(v). 
Lemma 3.6. δ Per(v) ⊆ intP is contained in the closure of the union of limit
cycles.
Proof. Obviously, each limit cycle is contained in δ Per(v). Taking the orientation
double covering, we may assume that S is orientable. By Lemma 3.5, the union
Per(v) ⊔ intP is an open neighborhood of Per(v). Then δ Per(v) ⊂ intP. Fix a
periodic orbit O ⊆ δ Per(v). If O is a limit cycle, then O ⊆ intP. Thus we may
assume that O is not a limit cycle. Since O∩ int Per(v) = ∅, it has a collar U which
is contained in Per(v) ⊔ intP such that O ⊆ intP. The flow box theorem implies
that there are an open annulus A ⊆ U and a closed transverse arc T ⊆ A such that
A is a collar of O and O ∩ T is contained in ∂T . Identify T with [0, 1] (resp. O ∩ T
with 0). Then there are a small subinterval S ⊆ T containing x and the first return
map fv : S → T induced by v. Then fv(0) = 0. Since O is not a limit cycle, the
return map fv : S → T is neither contracting nor repelling near zero. This implies
that zero is an accumulation point of the fixed point set Fix(fv). Since O ⊆ intP,
the transverse T has a convergence sequence to zero of fixed points which are either
attracting or repelling from at least one side. This means that O is contained in
the closure of the union of limit cycles. 
We obtain the following description of a neighborhood of E (resp. LD).
Lemma 3.7. δE = E ⊆ int(P ⊔ E).
Proof. By the Maˇıer theorem [9, 10], the closure E is a finite union of closures of
exceptional orbits and so δE = E. Lemma 3.1 implies E ∩ Per(v) ⊔ LD = ∅. The
closedness of Sing(v) implies E ⊆ S − Sing(v) ⊔ Per(v) ⊔ LD = int(P ⊔ E). 
Lemma 3.8. LD ⊆ int(P ⊔ LD).
Proof. Lemma 3.1 implies LD ∩ Per(v) ⊔ E = ∅. The closedness of Sing(v) implies
LD ⊆ S − Sing(v) ⊔ Per(v) ⊔ E = int(P ⊔ LD). 
Note that intP ⊔ E is not a neighborhood of E and that intP ⊔ LD is not a
neighborhood of LD in general. For instance, there is a toral flow such that intP⊔E
is not a neighborhood of E. In fact, consider a Denjoy flow v on a torus with
an exceptional minimal set M. Fix an orbit O ⊂ M. Choose a point x ∈ O
and a sequence (tn)n∈Z on O with limn→∞ tn = ∞, limn→−∞ tn = −∞, and
limn→∞ xn = limn→−∞ xn = x, where xn := vtn(x). Using the bump function
ϕ with ϕ−1(0) = {xn | n ∈ Z}, replace O with a union of singular points and
separatrices of the resulting flow vϕ (i.e. O = Sing(vϕ)⊔{separatrix of vϕ}) such
that Ovϕ(y) = Ov(y) for any point y ∈ T
2−O. Then T2 = Sing(vϕ)⊔P(vϕ)⊔E(vϕ),
where P(vϕ) is the union of non-closed proper orbits of vϕ and E(vϕ) is the union of
exceptional orbits of vϕ. Since M = O = E(vϕ), each neighborhood of O contains
E(vϕ) and each neighborhood of E(vϕ) contains O. Since O ⊂ Sing(vϕ) ⊔ P(vϕ),
we obtain O ∩ (intP(vϕ) ⊔ E(vϕ)) = ∅. Since each neighborhood of E(vϕ) contains
O, we have intP(vϕ) ⊔ E(vϕ) is not a neighborhood of E(vϕ).
Moreover, there is a toral flow wϕ with countable singular points and with
Cl(wϕ) 6= Ω(wϕ) such that intP(wϕ) ⊔ LD(wϕ) is not a neighborhood of LD(wϕ).
Indeed, consider an irrational toral flow w. Fix an orbit O. Choose a point
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x ∈ O and a sequence (tn)n∈Z on O with limn→∞ tn = ∞, limn→−∞ tn = −∞,
and limn→∞ xn = limn→−∞ xn = x, where xn := wtn(x). Replacing O by a
union of singular points and separatrices, we obtain the resulting flow wϕ on the
torus T2 such that the singular point set Sing(wϕ) = {x} ⊔ {xn}n∈Z is countable,
S − O = LD(wϕ), O = Sing(wϕ) ⊔ P(wϕ), and Ω(wϕ) = T2 6= Sing(wϕ) = Cl(wϕ).
Since T2 − LD(wϕ) = Sing(v) ⊔ P(wϕ) = O = T2 and LD(wϕ) 6= ∅, the union
intP(wϕ) ⊔ LD(wϕ) is not open. We summaries the descriptions of neighborhoods
as follows.
Theorem 3.9. Let v be a flow on a compact surface S. The following statements
hold:
1. Per(v) ⊆ int(Per(v) ⊔ intP) = Per(v) ⊔ intP.
2. E ⊆ int(P ⊔ E).
3. LD ⊆ int(P ⊔ LD).
4. Heights of orbits
Let v be a flow on a compact connected surface S. Recall that A⇑ = ↑A − Aˆ
for a subset A. Note that any neighborhood of a subset A contains ↑A and so A⇑.
We characterize superior points.
Lemma 4.1. The following statements hold:
1) Sing(v)⇑ ⊆ P ⊔ LD ⊔ E.
2) Per(v)⇑ ⊆ intP.
3) P⇑ ⊆ LD ⊔ E.
4) LD⇑ = ∅.
5) E⇑ ⊆ intP.
Proof. Since closed orbits are minimal sets, assertions 1) and 3) hold. Lemma 2.1
[21] implies Per(v)⇑ ⊆ intP. For an orbit O with O ∩ LD 6= ∅, there is an orbit
O′ ⊂ LD ∩ O. Since the closure O′ is a neighborhood of O′, we have O ∩ O′ 6= ∅
and so O = O′. This means that O ⊂ LD and so LD⇑ = ∅. Lemma 3.7 implies
that E ⊂ int(P⊔E). Since intP∩E = ∅, we have E⇑ = (↑E) \E ⊆ int(P⊔E) \E ⊆
intP. 
Corollary 4.2. The following statements hold:
1) x⇑ ⊆ P ⊔ LD ⊔ E for any x ∈ Sing(v).
2) x⇑ ⊆ intP for any x ∈ Per(v).
3) x⇑ ⊆ P ⊔ LD ⊔ E for any x ∈ P.
4) x⇑ = ∅ for any x ∈ LD.
5) x⇑ ⊆ intP for any x ∈ E.
Proof. Since the orbit class of a closed orbit is the orbit, assertions 1) and 2) hold.
The previous lemma implies 3) obviously. Proposition 2.2 [21] implies assertions 4)
and 5). 
The previous corollary implies that a locally dense quasi-Q-set is a Q-set. Recall
that A⇓ = ↓A− Aˆ ⊆ A− Aˆ ⊆ σA for a subset A. We characterize inferior points.
Lemma 4.3. The following statements hold:
1) Sing(v)⇓ = ∅ (i.e. Sing(v) ⊆ minS ).
2) Per(v)⇓ = ∅ (i.e. Per(v) ⊆ minS ).
3) P⇓ ⊆ S − LD and (P \ (Per(v) ⊔ E)⇑)⇓ ⊆ Sing(v) ⊔ P.
DECOMPOSITIONS OF SURFACE FLOWS 14
4) LD⇓ ⊆ Sing(v) ⊔ δP.
5) E⇓ ⊆ Sing(v) ⊔ δP.
Proof. Since closed orbits are minimal sets, assertions 1) and 2) hold. Lemma 4.1
implies the remaining statements. 
Corollary 4.4. The following statements hold:
1) x⇓ = ∅ for any x ∈ Cl(v).
2) ∅ 6= x⇓ ⊆ S − LD for any x ∈ P.
3) x⇓ ⊆ Sing(v) ⊔ δP for any x ∈ LD ⊔ E.
Proof. The previous lemma implies assertion 1). Proposition 2.2 [21] implies asser-
tions 2) and 3). 
Lemma 4.5. The following statements hold:
1) The set minS of height zero points is the union of minimal sets.
2) Cl(v) ⊆ minS ⊆ S − P.
3) intCl(v) ⊔ (intP− Plc) ⊔ LD ⊆ maxS.
4) E ∩maxS = ∅ if | Sing(v)| <∞.
Proof. The definition of height implies 1). Since closed orbits are minimal sets, the
definition of P implies assertion 2). Lemma 4.1 and the definition of a limit circuit
imply 3). By Theorem 2.2 [12] (cf. Lemma 3 [18]), the finiteness of singular points
implies 4). 
We show that the orientable double cover of a non-orientable surface preserves
the height of points.
Lemma 4.6. Let p : S˜ → S be the projection from the orientable double cover of a
non-orientable surface S to S and v˜ the lift of a flow v on S. For any x˜ ∈ S˜, the
height of x˜ equals the height p(x˜).
Proof. By the definition of the orientable double cover, for any point x ∈ S and
for any x˜+ 6= x˜− ∈ p
−1(x), we have ht(x˜+) = ht(x˜−). We show that p−1(O(x)) =
p−1(O(x)) = O(x˜+)∪O(x˜−) for any x˜+ 6= x˜− ∈ p−1(x). Indeed, since p−1(O(x)) =
O(x˜+) ∪ O(x˜−), the closure p−1(O(x)) = O(x˜+) ∪ O(x˜−) is a saturation. Since
p−1(O(x)) ⊇ p−1(O(x)), we have p−1(O(x)) ⊇ p−1(O(x)). Since the image of
a compact subset is compact, the image p(p−1(O(x))) ⊇ O(x) is closed and so
p(p−1(O(x))) ⊇ O(x) = p(p−1(O(x))). Since p is a double covering, the saturation
of the lift of a point is the lift of its saturation. The locally homeomorphic property
of coverings implies that p−1(O(x)) ⊇ p−1(O(x)).
To show the assertion, we suffices to show that for any orbit O of S and for any
x˜1, x˜2 ∈ p−1(Oˆ), we have ht(x˜1) = ht(x˜2). Indeed, assume that there are points
x˜1, x˜2 ∈ p
−1(Oˆ) for some orbit O of S such that ht(x˜1) < ht(x˜2). Put xi := p(x˜i).
Then O(x1) 6= O(x2). Since x1, x2 ∈ Oˆ, we have O(x1) = O(x2). This means
that both x1 and x2 are non-trivial weakly recurrent orbits. Let x˜
′
i ∈ p
−1(xi)
be the point such that {x˜i, x˜′i} = p
−1(xi). Then O(x˜1) ∪ O(x˜′1) = p
−1(O(x1)) =
p−1(O(x2)) = O(x˜2)∪O(x˜′2). The non-trivial recurrence implies that eitherO(x˜1) =
O(x˜2) or O(x˜1) = O(x˜′2). This means that ht(x˜1) = ht(x˜2), which contradicts the
inequality. 
We show the following transversality.
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Lemma 4.7. Each point whose height is more than two intersects an essential
closed transversal infinitely many times.
Proof. Let x be an point whose height is k > 2, y ∈ O(x) an point of height k − 1,
and z ∈ O(y) an point of height k − 2. Since the heights of closed orbits are zero,
we have z ∈ P ⊔ LD ⊔ E. Take a transverse open arc T through z. Since z ∈ O(y),
there is a closed sub-arc I ∈ T with ∂I ⊂ O(y) such that the holonomy map along
C is orientation-preserving, where C ⊂ O(y) is the path with ∂C = ∂I. By the
waterfall construction, there is a closed transversal γ intersecting O(y) near the
union of the path C and the transverse sub-arc I. Since y ∈ O(x), the orbit O(x)
intersects γ infinitely many times. If γ is not essential, then it bounds either a disk
or an annuls parallel to ∂S and so y /∈ O(x) because γ consists of points of maximal
height. Thus γ is essential. 
The proof of the previous lemma implies the following statement.
Lemma 4.8. Let x be a point whose height k > 2, y ∈ O(x) an point of height
k−1, and z ∈ O(y) a proper point of height k−2. Then there is an essential closed
transversal which intersects O(x) but no times O(z).
We show the finiteness of the height of some compact surfaces.
Lemma 4.9. The height of a flow on a compact surface contained in either a sphere
or a projective plane is at most two.
Proof. Suppose that the height of a flow on a compact surface is more than two.
Taking the orientable double cover if necessary, we may assume that the surface is
orientable. Then the genus of the compact surface is zero and so each closed curve
is not essential. By Lemma 4.7, there is an essential closed transversal infinitely
many times, which contradicts the non-existence of essential closed curves. 
Proposition 4.10. The height of a flow on an orientable compact surface whose
genus is g > 0 is at most 2g + 3.
Proof. Since any pair of two distinct Q-sets do not intersect, each chain in the orbit
class space whose top class consists of non-closed weakly recurrent points contains
exactly one Q-set. We show the assertion by the induction. Suppose that the height
of a flow on a compact surface is more than 2g+3. Taking the double of a manifold,
we may assume that the surface is closed. Let x2g+4 be an point whose height is
2g + 4, x2g+3 ∈ O(x2g+4) an point of height 2g + 3, and z ∈ O(x2g+3) a proper
point of at least height 2g + 1. Then either O(x2g+4) ∩ (LD ⊔ E) = ∅ or there is
an integer k ∈ [1, 2g + 4] such that the height of each non-closed weakly recurrent
point in O(x2g+4) is k. Suppose that the height of z is 2g + 2 = 2(g − 1) + 4. By
Lemma 4.8, there is an essential closed transversal γ which intersects O(x2g+4) but
not O(z). Cutting γ and pasting a source disk and a sink disk to the new boundary,
the resulting surface is a closed surface whose genus is g − 1 and the height of the
resulting flow is at least 2(g − 1) + 4, which contradicts the inductive hypothesis.
Thus we may assume that there is a weakly recurrent point x2g+2 ∈ O(x2g+3) whose
height is 2g+2. In particular, any point of height less than 2g+2 in O(x2g+2) is not
weakly recurrent. Then there are a proper point x2g+1 ∈ O(x2g+2) of height 2g+1
and an essential closed transversal γg which intersects O(x2g+3) but not O(x2g+1).
Cutting γg and pasting a source disk and a sink disk to the new boundary, the
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resulting surface is a closed surface whose genus is g − 1 and there is a point of
height 2g + 1. Repeatedly cutting and pasting g − 1 times, the resulting surface is
a closed surface whose genus is a sphere and the height of the resulting flow is at
least 3, which contradicts Lemma 4.9. 
Taking the orientation double covering, we obtain the following statement.
Proposition 4.11. The height of a flow on a non-orientable compact surface whose
non-orientable genus is p ≥ 1 is at most 2p+ 1.
Proof. Since the orientation double covering of a non-orientable closed surface
whose genus is p has genus p− 1 and 2(p− 1)+3 = 2p+1, the previous proposition
implies the assertion. 
We’d like to know whether there is a flow of height more than three on a compact
surface.
5. Reductions of quasi-circuits and quasi-Q-sets
We show that a limit quasi-circuit is a generalization of both a closed orbit and
a limit circuit, and that a quasi-Q-set is a generalization of a Q-set.
Lemma 5.1. Suppose that the singular point set is finite. Then a limit quasi-circuit
is a limit circuit which is either attracting or repelling.
Proof. Let γ be a limit quasi-circuit. Then a quasi-circuit is contained in Sing(v)⊔P.
Therefore the quasi-circuit γ consists of non-closed proper orbit and finitely many
singular points. Since γ is limit, the finiteness of Sing(v) implies that γ is attracting
or repelling. 
Lemma 5.2. Suppose that the singular point set is finite. Then a quasi-Q-set is a
Q-set.
Proof. Let x be a point whose ω-limit set ω(x) intersects an essential closed transver-
sal T infinitely many times. Suppose that ω(x)∩ (LD∪E) 6= ∅. Since ω(x) contains
a Q-set, a generalization of the Poincare´-Bendixson theorem for a flow with finitely
many singular points implies that ω(x) is a Q-set. Assume that ω(x)∩Per(v) 6= ∅.
Then ω(x) becomes a limit cycle and so intersects T at most finitely many times,
which contradicts the existence of infinitely many intersections. Thus ω(x) contains
no periodic orbits. Suppose that ω(x) consists of singular points and non-closed
proper orbits. By a generalization of the Poincare´-Bendixson theorem for a flow
with finitely many singular points, the ω-limit set is a limit circuit γ and so com-
pact. Assume that the closed transversal T intersects the limit circuit γ infinitely
many times. Since γ contains at most finitely many singular points, there are sin-
gular points y, z ∈ γ and infinitely many orbits Oi contained in γ each of whose
boundaries consists of y and z. By the compactness of the whole surface S, we may
assume that Oi are isotopic relative to {y, z}. There are three orbit Oi, Oj , Ok such
that the union Oi ∪ Ok ∪ {y, z} is a simple closed curve bounding a open disk D
which contains Oj . Since Oi and Ok are contained in γ, we have x /∈ D and so Oj
is not contained in γ, which contradicts Oj ⊂ γ. Thus T intersects the limit circuit
γ at most finitely many times, which contradicts the hypothesis. 
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6. Poincare´-Bendixson theorem for surface flows with arbitrarily
many singular points
We show that the infinite intersection of an essential closed transversal implies
the existence of either a quasi-Q-set or a quasi-circuit.
Lemma 6.1. Let x be a point contained in a closed transversal γ such that O+(x)
intersects γ infinitely many times. Then ω(x) is either a quasi-Q-set, an essential
limit cycle, or a quasi-circuit.
Proof. Suppose that a positive orbit O+(x) intersects a closed transversal γ infin-
itely many times. Then γ is essential. Suppose that ω(x) is not a quasi-Q-set.
Then γ ∩ ω(x) is finite. Moreover, the ω-limit set ω(x) contains no non-trivial
weakly recurrent orbits. In other words, we have ω(x) ⊂ Sing(v) ⊔ Per(v) ⊔ P. If
ω(x) contains periodic orbits, then it is a limit cycle. Thus we may assume that
ω(x) ⊂ Sing(v) ⊔ P. We show that there are a closed sub-arc I of γ, a point
y ∈ O(x) ∩ I ∩ω(x), a point x0 ∈ O(x)∩I with {y} = I ∩ω(x) ⊂ ∂I = {x0, y}, and
a strictly increasing sequence (xi)i∈Z≥0 in I converging to y, where xi is the i-th
return image of x0 on I. Indeed, since γ is compact, the intersection ω(x) ∩ γ is
nonempty. Fix a point y ∈ γ ∩ω(x). Then there are a point x0 ∈ γ ∩O(x) a closed
sub-arc I of γ with y ∈ O(x) ∩ I such that {y} = I ∩ω(x) ⊂ ∂I = {x′, y} such that
O+(x0) ∩ I is infinite, where x′ is a point in γ. To prove the claim, we suffices to
show that there is a large number N > 0 such that xi < xi+1 in I for any natural
number i > N . Otherwise xi > xi+1 holds for infinitely many natural numbers i.
Since {y} = I ∩ ω(x), each closed sub-arc of intI intersects at most finitely many
points of O(x). Therefore there are infinitely many triples ik− < ik0 < ik+ of natu-
ral numbers with ik+ < ik+1− such that xik− < xik+ < xik0 < xi for any i ≥ ik+1− .
Denote by Iik−0 (resp. Iik0+ ) by the sub-arc of I whose boundary consists of xik−
and xik0 (resp. xik0 and xik+ ), and by Cik−0 (resp. Cik0+ ) the curve contained in
O(x) whose boundary consists of xik− and xik0 (resp. xik0 and xik+). Then the
unions γik−0 := Cik−0 ∪ Iik−0 and γik0+ := Cik0+ ∪ Iik0+ are simple closed curves
whose intersection is an closed arc Iik0+ . By a deformation like the waterfall con-
struction as Figure 7, we obtain two simple closed curves γ′ik−0 and γ
′
ik0+
whose
intersection is xik+ and which are close to the original simple closed curves γik−0
and γik0+ respectively. Note that if S is orientable then we can choose γ
′
ik−0
and
γ′ik0+
as closed transversals. This implies that O+(xik+1− ) ∩ (γ
′
ik−0
∪ γ′ik0+
) = ∅.
Hence (γ′ik−0
∪ γ′ik0+
) ∩ (γ′il−0
∪ γ′il0+
) = ∅ for any k 6= l. Since these simple closed
curves intersects exactly one point, they are essential. Cutting γ′i10+
and collapsing
new boundary components into singletons, we obtain the resulting surface whose
genus is the genus of S minus one. Since there are infinitely many disjoint bouquets
γ′ik−0
∪ γ′ik0+
, the genus of S is not finite, which contradicts the compactness of S.
Thus there is a large number N > 0 such that xi < xi+1 in I for any natural num-
ber i > N . Shortening I, we may assume that the closed sub-arc I ⊂ γ with y and
(xi)i∈Z≥0 is desired. Denote by Ii by the sub-arc of I whose boundary consists of xi
and xi+1, and by Ci the curve contained in O(x) whose boundary consists of xi and
xi+1. Let Di be the open subset bounded by the union Ii ∪Ci ∪ Ii+1 ∪Ci+1. Since
there are at most finitely many genus, we may assume that Di is a rectangle by
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Figure 7. Deformation of two simple closed curves
renumbering xi. Then the union Ak := (
⋃∞
i=k(Di ∪ Ii+1 ∪Ci+1))−{xk+1} is essen-
tial. By the monotonicity of xi in I, renumbering Ak, we may assume that each Ak
is an open annulus homotopic to any Aj . Since ω(x) is connected, by construction,
the closure of any rectangle Di does not intersect ω(x) and so Ak ∩ω(x) = ∅. Since
ω(x) =
⋂
n∈R {vt(x) | t > n} =
⋂
k∈Z≥0
{vt(x) | t > k} =
⋂
i≥k Ai = ∂A0−(I0∪C0).
This means that ω(x) is a boundary component of the annulus A0 and so consists
of separatrices and singular points. 
The author would like to know whether a quasi-circuit in the previous lemma is
essential.
Lemma 6.2. There are no limit quasi-circuits which are also quasi-Q-sets.
Proof. Let x be a point whose ω-limit set ω(x) is a limit quasi-circuit. Since a limit
quasi-circuit is nowhere dense, it is not locally dense. Since ω(x) is a limit quasi-
circuit, there is a small open annulus A of which ω(x) is a boundary component
such that the two boundary components of A is disjoint. Denote by ∂1 the another
boundary component of ∂A. In other words, we have ∂A = ω(x) ⊔ ∂1. Fix any
distance function d on S induced by a Riemannian metric. Since the boundary
components of A are compact and disjoint, there is a positive number dA such
that dA = min{d(y, z) | y ∈ ω(x), z ∈ ∂1}. Suppose that ω(x) is a quasi-Q-set.
Then there is a closed transversal γ which intersects ω(x) infinitely many times.
Moreover, there is a sequence (Ci) of orbit arcs contained in ω(x) converging to
an orbit arc C∞. Here an orbit arc is an arc contained in an orbit. The fact
that γ contains no singular point implies that there is a small number δ > 0 with
δ < dA such that Bδ(γ) := {y ∈ S | d(y, γ) < δ} is an open annulus and consists
of orbit arcs each of which connects the two boundary components as Figure 8.
Put C′i := Ci ∩ Bδ(γ) ⊂ ω(x) and let xi ∈ C
′
i ∩ γ be the intersection point. Let
fi : [0, li] → γ ⊂ S be the closed arc parameterized by arc length from xi to
either xi−1 or xi+1 such that fi((0, ri)) ⊂ A and fi(ri) ∈ ∂1 for some real number
ri ∈ (0, li). By definition, we obtain fi(li) ∈ ω(x). Since γ is compact, we have
limi→∞ li = 0. Fix a large integer N such that lN < δ. We show that fN(lN ) ∈ A.
Indeed, since δ < dA, this implies that any closed arc from xi whose length is less
than δ and which intersects A but does not intersect C′i except the starting point
is contained in the interior A. In particular, the closed arc fN : [0, lN ] → S is
contained in the interior A except the starting point xi (i.e. fN ((0, lN ]) ⊂ A).
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Figure 8. A closed transversal γ, its annular neighborhoodBδ(γ),
and a subset of an open annulus A
Therefore fN (lN ) ∈ A, which contradicts fN (lN ) ∈ ω(x) ⊂ ∂A = A−A. Thus ω(x)
is not a quasi-Q-set. 
We generalize the Poincare´-Bendixson theorem for a flow with arbitrarily many
singular points on a compact surface.
Theorem 6.3. Let v be a flow on a compact connected surface S. The ω-limit set
of any non-closed orbit is one of the following exclusively:
i) a nowhere dense subset of singular points.
ii) a limit cycle.
iii) a limit quasi-circuit.
iv) a locally dense Q-set.
v) a quasi-Q-set which is not locally dense.
Proof. Let x be a point whose orbit is not closed. If ω(x) contains a locally dense
orbit, then ω(x) = O(x) is a locally dense Q-set. Suppose ω(x) contains an excep-
tional orbit O. Since a Mo¨bius band contains an annulus, taking a small transverse
arc if necessary, the waterfall construction implies that there is a closed transver-
sal γ intersecting O(x) near O infinitely many times. This means that ω(x) is a
quasi-Q-set. Thus we may assume that ω(x) ∩ (LD ⊔ E) = ∅.
If there is a closed transversal which intersects O+(x) infinitely many times,
then Lemma 6.1 implies the assertion. Thus we may assume that O(x)+ has no
closed transversal intersecting it infinitely many times. Suppose that ω(x) is not
contained in Sing(v). If ω(x) contains a periodic orbit, then ω(x) is an attracting
limit cycle. Thus we may assume that ω(x) contains neither periodic orbits nor
Q-sets. Since S = Sing(v) ⊔ Per(v) ⊔ P ⊔ LD ⊔ E, the ω-limit set ω(x) contains
a non-closed proper orbit O such that ω(x) ⊂ Sing(v) ⊔ P. Take a proper point
y ∈ O ⊂ ω(x) and a transverse closed arc I one of the which boundary point is y
and intersects O+(x) infinitely many times. By the same argument of the proof of
Lemma 6.1, the ω-limit set ω(x) is a boundary component of an open annulus A
and consists of separatrices and singular points. This mean that ω(x) is a desired
limit quasi-circuit. 
We show that there are a toral flow vϕ and a point z whose ω-limit set is a quasi-
Q-set but neither a Q-set nor a quasi-circuit. such that Cl(vϕ) 6= Ω(vϕ). Indeed,
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Figure 9. A blow up flow box
Figure 10. Another blow up flow box
consider a Denjoy diffeomorphism f : S1 → S1 with an exceptional minimal setM.
Let vf be the suspension of f on the torus T
2 := (S1×R)/(x, r) ∼ (f(x), r+1) and
M˜ the minimal set of vf . Fix a bump function ϕ : T2 → R≥0 with ϕ−1(0) = Mˆ,
where Mˆ := M˜∩(S1×{1/2}) is a lift ofM. Using the bump function ϕ, replace the
minimal set M˜ of vf with a union of singular points and separatrices of the resulting
flow vϕ (i.e. M˜ = Sing(vϕ)⊔{separatrix of vϕ}) such that Ovϕ(x) = Ovf (x) and
ωv(x) = ωvϕ(x) = M˜ for any point x ∈ T
2 − M˜. Then T2 = Sing(vϕ) ⊔ P(vϕ) and
Cl(vϕ) = Sing(vϕ) 6= M˜ = Ω(vϕ), where P(vϕ) is the union of non-closed proper
orbits of vϕ and Ω(vϕ) is the set of non-wandering points.
There is a flow with an ω-limit set consisting of singular points which is trans-
versely a Cantor set. Indeed, let a non-closed proper orbit O in a Denjoy flow with
an exceptional minimal setM. Consider a discontinuous flow whose singular point
set is T2−O and replace O with a flow box as Figure 9. Note that a dotted line is a
subset of Sing(v). Then the resulting toral flow is continuous such that the ω-limit
set of a non-singular point is M.
There is a flow with an ω-limit set consisting of singular points which is the
union of two lines and transversely a Cantor set. Indeed, let a non-closed proper
orbit O in a Denjoy flow with an exceptional minimal set M. Consider a trivial
flow on T2 and replace O with a flow box as Figure 10. Note that a dotted line is a
subset of Sing(v). Then the resulting toral flow is continuous such that the ω-limit
set of a non-singular point is a union of M and the two dotted lines. Similarly,
there is a flow w with an ω-limit set which consistis of two non-recurrent orbits and
M = Sing(w)− {c} such that the ω-limit set is a limit quasi-circuit which is not a
circuit, where c is a center in a flow box as Figure 10. Indeed, since the complement
T2−M is a flow box of the Denjoy flow, replace T2−M with a flow box as Figure
10. Then the resulting flow w is desired.
7. Finiteness of singular points
Let v be a flow on a compact surface S. In this section, we assume that the flow
v has finitely many singular points.
7.1. Properties of orbits. Recall that a singular point is a compressed center
if for any of its neighborhood U there is its open neighborhood V ⊂ U whose
boundary is a periodic orbit.
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Lemma 7.1. Each point x ∈ Sing(v) ∩ Per(v) is either a compressed center or
contained in a directed circuit.
Proof. Suppose that a point x ∈ Sing(v) ∩ Per(v) is not a compressed center.
Taking the orientation double covering (resp. the double of a manifold), we may
assume that S is closed orientable. Cutting an essential periodic orbit and pasting
two center disks, we may assume that each periodic orbit is null homotopic. The
finiteness of Sing(v) implies that the singular point x is isolated. Since x is not
a compressed center, there is a small open neighborhood U of x which contains
no periodic orbits and whose closure is a closed disk such that U ∩ Sing(v) = {x}.
Note that U intersects infinitely many periodic orbits. Since x ∈ Per(v), there are a
sequence (On)n≥0 of periodic orbits and a sequence (xn) with xn ∈ On converging
to x. Then On \ U 6= ∅ and U ∩ On 6= ∅ for any n ≥ 0. Therefore there is a
convergence sequence (yn)n≥0 with yn ∈ On to a point y /∈ U . Since each periodic
orbit is null homotopic, it bounds a singular point. Since | Sing(v)| < ∞, taking a
sub-sequence of (On)n≥0, we may assume that there are open annuli An (n > 0)
whose boundary is the union On−1 ⊔ On such that An ∩ Am = ∅ for any n 6= m.
Then A :=
⋃
n>0(On⊔An) = (
⋃
n>0An)−O0 is an open annulus with x ∈ ∂, where
∂ is a boundary component of A. Since y ∈ ∂ \ U , we obtain ∂ 6⊆ U . Because
the dimension of A is two, the dimension of the boundary component ∂ is at most
one. Then both U ∩A and U \A are non-empty open and so U − (U ∩ ∂) = U \ ∂
is disconnected. Since U is a Cantor-manifold, the dimension of the boundary
component ∂ is one. Lemma 3.1 implies that ∂ ⊂ Per(v) ⊆ Sing(v) ⊔ Per(v) ⊔ δP.
If there is a point z ∈ ∂ ∩ Per(v), then the flow box theorem implies that On
correspond to fixed points of the holonomy of O(z) and that the periodic orbit
O(z) ⊂ ∂ is parallel to On for any n > 0 and so O(y) = ∂, which contradicts to
x ∈ ∂ ∩Sing(v). Thus ∂ ⊆ Sing(v)⊔ δP. Since the orbit closure of a point in ∂ ∩ δP
is contained in ∂, the boundary component ∂ is a union of connecting separatrices
and finitely many singular points and so is a directed circuit. 
The finiteness of singular points is necessary. In other words, there is a point
x ∈ Sing(v)∩Per(v) of a flow v which is neither a compressed center nor contained
in a directed circuit. Indeed, consider a point x0 ∈ intP of a flow v0 and a sequence
(x1/n)n∈Z>0 (resp. (x−1/n)n∈Z>0) in O(x0) converging from the positive (resp.
negative) side in O(x0). Replacing an orbit O(x0) with singular points {x0} ⊔
{x−1/n, x1/n | n ∈ Z>0} and non-closed proper orbits and blowing up the singular
points x−1/n (resp. x1/n) (i.e. replacing x−1/n (resp. x1/n) by a center disk whose
boundary is a union of a homoclinic separatrix and a saddle (see Fig. 11)) such that
the diameters of center disks converge to zero if |n| goes to infinity, the resulting
flow v has a point x ∈ Sing(v) ∩ Per(v) which is neither a compressed center nor
contained in a directed circuit.
We show that the height of an isolated singular point x /∈ Per(v) is not maximal
Lemma 7.2. For an isolated singular point x /∈ Per(v), there is a non-singular
point whose orbit closure contains x.
Proof. If x ∈ LD ⊔ E, then the assertion holds because the number of Q-sets are
finite. Thus we may assume that x /∈ LD ⊔ E. Assume that there are no non-
singular points whose orbit closures contain x. Since x is isolated, a union S −
(Cl(v)− {x}) ⊔ LD ⊔ E ⊆ P ⊔ {x} is an invariant open neighborhood of x. This
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Figure 11. Blow up operations for 0-saddles
means that the neighborhood contains only one closed invariant set, which is {x}.
By Theorem 1.6 (or Theorem 1.7) [2], there is a non-closed proper point whose
orbit closure contains x. 
In general, the union LD of a flow is not open even if singular points are count-
able. In fact, there is a toral flow with ∂LD = ∂P = T2 (cf. Example 2.10 [21])
such that isolated singular points converge to a singular point. On the other hand,
the finiteness implies the following statement.
Lemma 7.3. We have LD ∩ P = ∅.
Proof. Assume that there is a point x ∈ LD ∩ P. Since the orbit closure O(x) is a
neighborhood of x, there is a sequence (xn)n∈Z>0 in O(x) ∩ P ⊆ LD converging to
x such that O(xn) ∩ O(xm) = ∅ for any n 6= m ∈ Z>0. By the fact xn ∈ intLD,
we have that Oxn is not a simple closed curve and so ω(x) 6= α(x). We show that
O(xn) − O(xn) consists of two singular points. Indeed, by a generalization of the
Poincare´-Bendixson theorem for a flow with finitely many singular points (Theorem
2.6.1 [14]), the ω-limit set of O(xn) is either a singular point, an attracting limit
circuit, or a Q-set. Assume that ω(xn) is an attracting limit circuit. Since each
orbit whose closure intersects an attracting limit circuit is proper, the inclusion
O(xn) ⊆ O(x) implies that the locally dense orbit O(x) is proper, which contradicts.
Assume that ω(xn) is a Q-set. Since O(xn) is proper, the ω-limit set ω(xn) is not
O(x). Since ω(xn) ⊆ O(x), Proposition 2.2 [21] implies that ω(xn) = O(x), which
contradicts. Thus ω(xn) is a singular point. By symmetry, the α-limit set α(xn)
is a singular point. Since | Sing(v)| < ∞, there are singular points α 6= ω and a
subsequence (xkn)n∈Z>0 of (xn)n∈Z>0 such that ω(xkn) = ω and α(xkn ) = α. Since
S is compact, there are an open disk D ⊆ O(x) and three points xn1 , xn2 , xn3 in the
subsequence such that ∂D = O(xn1 )∪O(xn3 ) and xn2 ∈ intD. Then LD∩ intD = ∅
and so xn2 /∈ LD, which contradicts to the choice of xn2 . Thus LD ∩ P = ∅. 
We show the openness of LD.
Lemma 7.4. The union LD is open.
Proof. Since the singular point set Sing(v) is closed, Lemma 3.1 and Lemma 7.3
imply that Sing(v) ⊔ Per(v) ⊔ P ⊔ E∩LD = ∅ and so that the union LD is open. 
The finiteness of singular points implies the existence of collar basins of limit
circuits.
Lemma 7.5. Every limit circuit has a collar basin.
Proof. Fix a limit circuit γ. Since | Sing(v)| <∞, there is an open neighborhood U
of γ such that (U − γ) ∩ Sing(v) = ∅. Since a limit circuit is directed, there are an
associated collar A ⊂ U of γ and a point x ∈ A whose orbit closure contains γ. By
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time reversion if necessary, we may assume that ω(x) = γ. The flow box theorem
implies that ω(y) = γ for any point y ∈ A. This means that A is a collar basin of
γ. 
Note that each collar basin does not intersect LD ⊔ E.
Lemma 7.6. An orbit contained in P ∩ LD ⊔ E is a connecting separatrix.
Proof. Fix a point x ∈ P ∩ LD ⊔ E and an orbit O ⊆ LD ⊔ E with x ∈ O. By
a generalization of the Poincare´-Bendixson theorem for a flow with finitely many
singular points, the ω-limit set of x is either a singular point, an attracting limit
circuit, or a Q-set. Assume that the ω-limit set ω(x) is an attracting limit circuit.
Then x ∈ intP and so O ∩ P 6= ∅, which contradicts O ⊆ LD ⊔ E. Assume that
ω(x) is a Q-set. Since x is proper, we have ω(x) 6= O. Since ω(x) ⊆ O, Proposition
2.2 [21] implies that ω(x) = O, which contradicts. Thus the ω-limit set ω(x) is a
singular point. By symmetry, the α-limit set α(x) is a singular point. 
We describe the border δP as follows.
Proposition 7.7. Each orbit in δP is a connecting separatrix. In particular, we
have ht(δP) = 1 if δP 6= ∅. Moreover, if v is quasi-regular, then δP is a finite union
of connecting separatrices.
Proof. Fix an orbitO in δP. Since δP = P−intP = P∩Sing(v) ⊔ Per(v) ⊔ LD ⊔ E =
P ∩ Per(v) ⊔ LD ⊔ E, we have O ⊆ P ∩ Per(v) ⊔ LD ⊔ E. By Lemma 7.6, we may
assume that O ⊆ P∩Per(v). Since Per(v)−Per(v) = σPer(v) ⊆ δ Sing(v)⊔ δP, we
have O ⊆ δ Sing(v) ⊔ δP. By a generalization of the Poincare´-Bendixson theorem
for a flow with finitely many singular points, the ω-limit (resp. α-limit) set of O is
either a singular point, or a limit circuit. Since O ⊆ δP, the ω-limit (resp. α-limit)
set of O contains no limit circuits and so it is a singular point. Therefore O is a
connecting separatrix.
Suppose that v is quasi-regular. Assume that δP is not a finite union of connect-
ing separatrices. Then there are singular points α, ω and infinitely many orbits Oi in
δP such that ω(Oi) = ω and α(Oi) = α such that the union {ω, α}⊔ω(Oi)⊔ω(Oi+1)
bounds an open disks Di. Quasi-regularity implies that Di contains a singular
points and so there are infinitely many singular points, which contradicts the finite
hypothesis of Sing(v). 
The finiteness of Sing(v) is necessary. In fact, there is a flow with a height
one point y ∈ δP whose ω-limit set is not a point (see Figure 12). The previous
proposition implies following properties.
Corollary 7.8. Each orbit in Per(v) \ Cl(v) is a connecting separatrix.
Proof. By Lemma 3.1, we have Per(v) \ Cl(v) = ∂ Per(v) ∩ δP. Proposition 7.7
implies the assertion holds. 
Corollary 7.9. E ⊂ int(E ⊔ intP).
Proof. Assume there is a point x ∈ δP∩E. Then there are a sequence {On ⊂ δP}n∈Z
of orbits and a closed transverse arc γ with x ∈ ∂γ such that x ∈
⋃
nOn ∩ γ and
On 6= Om for any n 6= m. Suppose that there are infinitely many On which are
homoclinic. Taking a subsequence, we may assume that there is a singular point
y = ω(On) = α(On) for any n. Since S is compact, taking a subsequence, we may
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Figure 12. An ω-limit set which is not arcwise-connected.
assume that {y}⊔On and {y}⊔On+1 are homotopic relative to {y}. Then a union
{y}⊔O0⊔On bounds an open disk Dn. Since On∩γ 6= ∅, either Dn ⊂ Dn+1 for any
n or Dn+1 ⊂ Dn for any n. Put Bn := D2n+2 − (D2n ⊔O2n). Then Bn is an open
disk which contains O2n+1 such that Bn − O2n+1 consists of two open disks. By
O2n+1 ⊂ δP, one Cn of two open disks Bn−O2n+1 contains S−P. Since an open disk
does not intersect LD⊔E, the disk Cn contains S−(P⊔LD⊔E) = Sing(v)⊔Per(v).
Since a null homotopic periodic orbit bounds a singular point, the disk Cn contains
singular points. Hence there are infinitely many singular points, which contradicts
the finite hypothesis of singular points. Therefore δP∩E = ∅. Theorem 3.9 implies
that int(E ⊔ P) \ δP is an open neighborhood of E and so (E ⊔ P) \ δP = E ⊔ intP
is a neighborhood of E. 
Lemma 7.10. The union σLD ∪ σE is a union of connecting separatrices and
finitely many singular points. In particular, we have ht(LD ⊔ E) ≤ 2.
Proof. Lemma 3.1 implies LD− LD ⊆ Sing(v) ⊔ δP and E−E ⊆ Sing(v) ⊔ δP. By
the finiteness of singular points, Proposition 7.7 implies the assertion. 
Finiteness of singular points is necessary in the previous lemma. In fact, a
construction in Figure 12 implies that there is a flow with an orbit in δP∩(σLD∪σE)
which is not a separatrex. We describe flows near the multi-saddle connection
diagram.
Lemma 7.11. Let γ be a multi-saddle connection. If there is a point x ∈ S −
(γ ⊔ LD ⊔ E) with ω(x) ∩ γ 6= ∅ and ω(x) ∩ E = ∅, then the ω-limit set ω(x) is an
attracting limit circuit with x ∈ intP and ω(x) ⊆ intP ∩ γ. On the other hand, if
there is a directed circuit µ ⊆ γ with an associated collar A such that O ∩ A∩µ = ∅
for any orbit O ⊆ A, then there are periodic orbits in A which are essential in A
and converge to µ.
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Figure 13. (a) A flow box near a regular point in C. (b) A flow
box near a multi-saddle in C.
Proof. Suppose that there is a point x ∈ S − (γ ⊔ LD ⊔ E) with ω(x) ∩ γ 6= ∅ and
ω(x) ∩ E = ∅. Then ω(x) ⊆ Sing(v) ⊔ P. Since | Sing(v)| < ∞, there is an open
neighborhood U of γ such that (U − γ) ∩ Sing(v) = ∅. Recall that γ is a compact
one-dimensional cell complex. By ω(x) ∩ γ 6= ∅, since each singular point in γ is
a multi-saddle, the intersection C := ω(x) ∩ γ is a one-dimensional cell complex
without boundary. The flow box theorem implies that there is an open annulus A
which consists of finitely many flow boxes as in Figure 13 such that C is a boundary
component of A. Since ω(x)∩γ 6= ∅, the ω-limit set of a point in A is the attracting
limit circuit C. This means that x ∈ intP and so that ω(x) = C ⊆ intP ∩ γ is an
attracting limit circuit. Conversely, suppose there is a directed circuit µ ⊆ γ with
an associated collar A such that O ∩ A ∩ µ = ∅ for any orbit O ⊆ A. The flow box
theorem implies that we can choose the annulus A to consist of finitely many flow
boxes as in Figure 13 such that A contains no singular points. Fix a regular point
x ∈ µ and a transverse arc T ⊂ A from x. Since O ∩ A∩µ = ∅ for any orbit O ⊆ A,
the first return map with respect to T − {x} has fixed points which converge to x.
Since each fixed point corresponds to a periodic orbit which is essential in A, this
implies the assertion. 
Lemma 7.12. σO ⊆ δCl(v) ⊔ δP ⊔ Plc ⊔E for an orbit O ⊆ P.
Proof. Fix an orbit O ⊆ P. Since LD is open, by a generalization of the Poincare´-
Bendixson theorem for a flow with finitely many singular points, the ω-limit (resp.
α-limit) set of O is either a singular point, a limit circuit, or an exceptional Q-set.
Therefore σO = O −O ⊆ δCl(v) ⊔ δP ⊔ Plc ⊔E. 
We show that the height of a flow with finitely many singular points is at most
three.
Proposition 7.13. ht(v) ≤ 3.
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Proof. Since ht(Cl(v)) ≤ 0, Proposition 7.7 implies ht(δP ⊔ Plc) ≤ 1. By Lemma
4.3, we obtain ht(LD ⊔ E) ≤ 2. Lemma 7.12 implies ht(intP) ≤ 3. This means
ht(v) ≤ 3. 
The author would like to know whether the heights are less than or equal to three
unless finiteness. In other words, is the height of any flow on a compact surface less
than or equal to three? Recall the shell σA = A −A of a subset A ⊆ S. We state
a following shell’s property.
Lemma 7.14. E ⊆ σP ⊆ E ⊔ Sing(v) ⊔ δPer(v) (i.e. δP ⊔ E ⊆ ∂P ⊆ δP ⊔ E ⊔
Sing(v) ⊔ δPer(v) ).
Proof. By Lemma 2.3 [21], we obtain E ⊆ intP\P ⊆ σP. Recall that S = Sing(v)⊔
Per(v) ⊔ P ⊔ LD ⊔ E. Since the union LD and the interior int Per(v) are open, we
have P− (P ⊔ E) ⊆ Sing(v) ⊔ δPer(v). 
Summarize the properties of the shells as follows.
Proposition 7.15. Let v be a flow with finitely many singular points on a compact
surface S. The following statements hold:
1. LD is open (i.e. ∂LD = σLD).
2. σ Sing(v) = ∅.
3. σ Per(v) ⊔ σLD ⊔ σE ⊆ Sing(v) ⊔ δP.
4. σP ⊆ Sing(v) ⊔ δ Per(v) ⊔ E.
Recall the border δA := A− intA of a subset A ⊆ S. Summarize the properties
of the borders as follows.
Proposition 7.16. Let v be a flow with finitely many singular points on a compact
surface S. The following statements hold:
1. δ Sing(v) = Sing(v).
2. δ Per(v) ⊆ intP is contained in the closure of the union of limit cycles.
3. δP = (σPer(v) ∪ σLD ∪ σE) \ Sing(v) consists of connecting separatrices.
4. δLD = ∅.
5. δE = E = σP ∩ int(E ⊔ intP).
Describe the border point set Bd = ∂ Sing(v) ∪ ∂ Per(v) ∪ ∂P ∪ ∂LD ∪ ∂E ∪
Psep ∪∂Per as follows.
Lemma 7.17. Bd = Sing(v) ⊔ δPer(v) ⊔ δP ⊔ E ⊔ Psep ⊔∂Per.
Proof. The finiteness of Sing(v) implies ∂ Sing(v) = Sing(v). Since LD is open,
we have δLD = ∅. Since there are at most finitely many Q-sets, Proposition 7.15
implies that ∂LD ⊆ Sing(v) ⊔ δP and that ∂E = E ⊆ Sing(v) ∪ δP ⊔ E. Lemma
3.1 implies ∂ Per(v) ⊆ Sing(v) ⊔ δ Per(v) ⊔ δP, and Lemma 7.14 implies E ⊆ ∂P ⊆
δP⊔E⊔Sing(v)⊔ δ Per(v). Therefore Bd = ∂ Sing(v)∪∂ Per(v)∪∂P∪∂LD∪∂E∪
Psep ∪∂Per = Sing(v) ⊔ δ Per(v) ⊔ δP ⊔ E ⊔ Psep ⊔∂Per. 
Lemma 7.18. The complement S − Bd is open such that S − Bd = (intPer(v) −
∂Per)⊔(intP−Psep)⊔LD and LD/vˆ is a finite space. Moreover, each of int Per(v)−
∂Per, intP− Psep, and LD is open.
Proof. Since S is compact, there are finitely many boundary components and so
the union ∂Per consists of finitely many orbits. Moreover, int Per(v)− ∂Per is open.
We show that there are at most finitely many non-periodic limit circuits. Indeed,
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assume that there are infinitely many non-periodic limit circuits. Then there is a
saddle x which is contained in infinitely many distinct limit circuit. For each limit
circuits, there are closed transversals near and parallel to the limit circuits. If a
closed transversal is null homotopic, then it bounds an open disk which contains
singular points. By the finite existence of singular points, there are infinitely many
disjoint essential closed transversals to non-periodic limit circuits containing x. By
the compactness of S, there are four closed transversal γ1, γ2, γ3, γ4 for distinct limit
circuits which are parallel to each other and there is an annulus A whose boundary
consists of γ1 and γ3 whose contains γ2 but not γ4. Since x ∈ Satv(γ2)\(γ1⊔γ3) ⊆ A,
we have x ∈ A. On the other hand, we obtain A ∩ Satv(γ4) = ∅, which contradicts
that x ∈ Satv(γ4). Since there are at most finitely many non-periodic limit circuits,
Sing(v) ⊔ Plc is a union of the singular point set and finitely many non-periodic
limit circuits and so is closed. Since multi-saddles are finite, the union Pms ⊔Pss
consists of finitely many orbits and so ∂Per ⊔ Psep ⊆ Bd. This means that Bd is
closed and so the complement is open. Moreover, the finiteness of Sing(v) implies
that intP− Psep is open. 
7.2. Connecting separatrices and limit circuits.
Lemma 7.19. The following are equivalent for a connecting separatrix O:
1) O ⊆ intP (i.e. O 6⊆ δP).
2) O ∩ Per(v) ⊔ LD ⊔ E = ∅.
Proof. If O ∩Per(v) ⊔ LD ⊔ E = ∅, then the regularity of O implies that O ⊆ intP.
Conversely, the condition O ⊆ intP implies O ∩ Per(v) ⊔ LD ⊔ E = ∅. 
Lemma 7.20. An orbit O ⊆ P is contained in intP if and only if one of the
following conditions holds:
1) O ∩ E 6= ∅.
2) O −O contains a limit circuit.
3) O is a connecting separatrix with O ∩ Per(v) ⊔ LD ⊔ E = ∅.
Proof. Suppose that O ⊆ intP. Then O ∩ Per(v) ⊔ LD ⊔ E = ∅. By Lemma 7.12,
we have O − O ⊆ Sing(v) ⊔ δ Per(v) ⊔ δP ⊔ Plc⊔E. Assume that O ∩ E = ∅.
Then O ⊆ P ⊔ Sing(v) ⊔ δ Per(v). Assume that O − O contains no limit circuits.
Since O intersects no Q-set, the generalization of the Poincare´-Bendixson theorem
for a flow with finitely many singular points implies that each of ω(O) and α(O)
is a singular point. Conversely, suppose that O ∩ E 6= ∅. Corollary 7.9 implies
O ⊆ int(intP ⊔ E) and so O ⊆ intP. Suppose that O − O contains a limit circuit.
Lemma 7.11 implies O ⊆ intP. Finally, suppose that O is a connecting separatrix
with O ∩ Per(v) ⊔ LD ⊔ E = ∅. Then O ⊆ int(Sing(v) ⊔ P) ⊆ Sing(v) ⊔ intP. Since
O is not singular, we have O ⊆ intP. 
7.3. Quasi-regular cases. Suppose that v is quasi-regular in this subsection.
Lemma 7.21. Each point in Per(v)∩ Sing(v) is either a center or a multi-saddle.
Proof. Fix a point x in Per(v) ∩ Sing(v). Quasi-regularity implies that x is either
a center, a (∂-)sink, a (∂-)source, or a multi-saddle. A singular point which is
a (∂-)sink, or a (∂-)source, has a neighborhood which does not intersect Per(v).
Therefore x is neither a (∂-)sink, nor a (∂-)source but so is either a center or a
multi-saddle. 
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Lemma 7.22. Let D be the multi-saddle connection diagram and Dss the ss-multi-
saddle connection diagram. The following statements hold:
1. δP ⊔ Pms = D \ Cl(v) is the union of multi-saddle separatrices.
2. δP ⊔ Psep = Dss \ (Cl(v) ⊔ E) is the union of multi-saddle separatrices and
ss-separatrices.
Proof. Let S+ be the set of sources and ∂-sources, S− be the set of sinks and ∂-sinks,
W+ :=
⋃
x∈S+
Wu(x), and W− :=
⋃
x∈S−
W s(x). Since P ∩ (W+ ∪W−) ⊂ intP, we
have δP∩(W+∪W−) = ∅. Quasi-regularity implies that each of the ω-limit and the
α-limit set of a point in δP is a multi-saddle. Therefore δP⊔Pms = D\Cl(v). Recall
thatDss is the union of multi-saddles, multi-saddle separatrices, ss-separatrices, and
ss-components. Then the difference Dss \ (Cl(v) ⊔ E) is the union of multi-saddle
separatrices and ss-separatrices. This means that Dss \ (Cl(v)⊔E) = δP⊔Psep. 
By Quasi-regularity, an ss-component is either a singular point except a center,
a limit circuit, or an exceptional Q-set. Therefore quasi-regularity and Lemma 7.17
implies the following observation.
Lemma 7.23. A difference Bd−δPer(v) of consists of centers, periodic orbit on the
boundary ∂S, multi-saddle connections, ss-separatrices, and ss-components except
limit circuits. Moreover if v have at most finitely many limit cycles, then δ Per(v)
consists of finitely many limit cycles.
Proof. Recall that Bd = Sing(v) ⊔ δ Per(v) ⊔ δP ⊔ E ⊔ Psep ⊔∂Per. Quasi-regularity
implies that Sing(v) consists of centers and ss-components. By Lemma 7.22, we
have that δP⊔Psep is the union of multi-saddle separatrices and ss-separatrices. By
definition of ss-component, the closure E ⊆ Bd consists of ss-components. If there
are at most finitely many limit cycles, then δ Per(v) is the union of limit cycles. 
8. On the border point set
Let v be a flow on a compact connected surface S. Define a relation ∼ex on
S as follows: x ∼ex y if either O(x) = O(y) or both x and y are contained in a
multi-saddle connection. Write the extended orbit space S/vex := S/ ∼ex. In other
words, S/vex can be obtained from S/v by collapsing the multi-saddle connections
into singletons. Note that (S − Bd)/v = (S − Bd)/vex and that each class of ∼ex
is either an orbit or a multi-saddle connection. Denote by S/vˆex the T0-tification
of S/vex, called the extended orbit class space. In other words, define a relation
≈ex on S as follows: x ≈ex y if either O(x) = O(y) or both x and y are contained
in a multi-saddle connection. Then S/vˆex := S/ ≈ex. By Proposition 2.2 [21], the
definitions of the equivalences ∼ex and ≈ex imply the following lemma.
Lemma 8.1. Let v be a flow on a compact connected surface S. The following
conditions are equivalent:
1) S/vˆex = S/vex.
2) S/vˆ = S/v.
3) LD ⊔ E = ∅.
We obtain the following statements.
Lemma 8.2. Let v be a quasi-regular flow on a compact connected surface S. The
following statements hold:
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1) If E ⊆ minS, then Bd /vˆex is an abstract multi-graph whose vertices are
centers, periodic orbits, multi-saddle connections, and ss-components except non-
periodic limit circuits, and whose edges are ss-separatrices.
2) Bd /vˆex is finite if and only if there are at most finitely many limit cycles.
3) Bd /vˆex = Bd /vex if and only if E = ∅.
Proof. Lemma 7.17 implies that Bd = Sing(v) ⊔ δ Per(v) ⊔ δP ⊔ E ⊔ Psep ⊔∂Per.
By the definition of ≈ex, the quasi-regularity and Lemma 7.23 imply assertion 1).
By quasi-regularity, the separatrices are finite. Since there are at most finitely
many Q-sets, a subset (Bd−δ Per(v))/vˆex is finite. This implies assertion 2). Since
Bd∩LD = ∅, the definition of ss-component implies assertion 3). 
The finite type condition implies the finiteness of the border point set.
Theorem 8.3. For a flow v of finite type on a compact connected surface, the
quotient space Bd /vex is a finite abstract multi-graph.
9. Structures of orbits
We summarize the properties of the boundary points and those of border points
as follows.
Theorem 9.1. Let v be a flow with finitely many singular points on a compact
surface S. The following statements hold:
1) ∂ Per(v) ⊆ Sing(v) ⊔ δ Per(v) ⊔ δP.
2) ∂LD ⊆ Sing(v) ⊔ δP.
3) ∂E = E ⊆ Sing(v) ⊔ δP ⊔ E.
4) ∂P ⊆ Sing(v) ⊔ δ Per(v) ⊔ δP ⊔ E.
5) δP is a union of connecting separatrices.
6) δ Per(v) is contained in the closure of the union of limit cycles.
7) Bd = Sing(v) ⊔ δ Per(v) ⊔ δP ⊔ E ⊔ Psep ⊔∂Per.
Proof. Proposition 7.15 implies assertions 1) - 4). Proposition 7.7 implies assertion
5). Lemma 3.6 implies assertion 6). Lemma 7.17 implies assertion 7). 
9.1. The border point set. Let v be a flow with finitely many singular points
on a connected compact surface S. The previous theorem implies the following
descriptions of the border point set Bd as follows.
Corollary 9.2. Let v be a quasi-regular flow on a compact surface S. Denote
by Sc the set of centers, and by Dss the ss-multi-saddle connection diagram. The
following statements hold:
1) δP ⊔ Psep is the finite union of multi-saddle separatrices and ss-separatrices.
2) δ Per(v) is contained in the closure of the union of limit cycles.
Moreover, if there are at most finitely many limit cycles, then the following
statements holds:
3) Dss = (Sing(v)− Sc) ⊔ δ Per(v) ⊔ δP ⊔ E ⊔ Psep is closed.
4) Bd = Dss ⊔ Sc ⊔ ∂Per is closed.
The non-existence of exceptional orbits implies the following properties.
Corollary 9.3. The following statements hold for a quasi-regular flow v with E = ∅
on a compact surface S:
1) S − Bd = int(Per(v)− ∂Per) ⊔ int(P− Psep) ⊔ LD is open.
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2) The orbit space (int(Per(v) − ∂Per) ⊔ int(P − Psep))/v is a one-dimensional
manifold.
3) The orbit class space LD/vˆ is a finite discrete space.
4) (S − Bd)/vˆ is a finite union of circles, intervals, and points.
Proof. The previous corollary implies assertion 1). Taking the double of a manifold,
we may assume that S is closed. Since there are at most finitely many Q-sets, asser-
tion 3) holds. Since a small saturated neighborhood of a periodic orbit in int Per(v)
is either is an annulus or a Mo¨bius band, the orbit space int(Per(v) − ∂Per)/v is a
one-dimensional manifold. By a generalization of the Poincare´-Bendixson theorem
for a flow with finitely many singular points, quasi-regularity and non-existence of
exceptional minimal sets imply that the ω-limit (resp. α-limit) set of a non-closed
proper orbit is either a sink, a source, or a limit circuit. Taking a closed transversal
which either is parallel to a limit circuit or bounds a sink disk or a source disk, the
orbit space int(P− Psep))/v is an interval or a circle. 
9.2. Hierarchy of orbits. Let v be a flow with finitely many singular points on
a connected compact surface S. To convert the flow v into discrete data, we state
the relations between the heights and types of orbits.
Sk ⊆ Sk ∩maxS ⊆ Sk \maxS ⊆
k = 3 intP− Plc intP− Plc ∅
k = 2 (intP− Plc) ⊔ LD ⊔ E (intP− Plc) ⊔ LD E
k = 1 P ⊔ LD ⊔ E (P− Plc) ⊔ LD δP ⊔ Plc ⊔ E
k = 0 S − P intCl(v) ⊔ LD δCl(v) ⊔ E
Table 1. Supersets of sets of height k points. For instance, the
(2, 2)-entry means that S3 ⊆ intP− Plc.
⊆ Sk ⊆ Sk ∩maxS ⊆ Sk \maxS
k = 3 ∅ ∅ ∅
k = 2 ∅ ∅ ∅
k = 1 δP ⊔ Plc δP ∩ int(Per(v) ⊔ δP) (δP ∩ intP ⊔ LD ⊔ E) ⊔ Plc
k = 0 Cl(v) intCl(v) (
⋃
{ limit cycle } )
⊔((LD ⊔ E) ∩minS) ⊔(LD ∩minS) ⊔(E ∩minS)
Table 2. Subsets of sets of height k points. For instance, the
(4, 4)-entry means that (δP ∩ intP ⊔ LD ⊔ E) ⊔ Plc ⊆ S1 \maxS.
Corollary 9.4. The following statements hold:
1) δ Per(v) ⊆ minS \ maxS is the union of limit cycles if there are at most
finitely many limit cycles.
2) intCl(v) ⊆ minS ∩maxS ⊆ Sing(v) ⊔ int Per(v) if v is not minimal.
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3) δP ⊔ Plc ⊆ S1.
4) S1 ⊔ S2 ⊆ P ⊔ LD ⊔ E.
5) S3 ⊆ intP− Plc.
6) intCl(v) ⊔ (intP− Plc) ⊔ LD ⊆ maxS ⊆ Cl(v) ⊔ (P− Plc) ⊔ LD.
7) P ⊆ S1 ∪ (maxS \minS).
8) LD ⊆ (S0 ⊔ S1 ⊔ S2) ∩maxS.
9) E ⊆ S −maxS.
10) minS \maxS ⊆ δCl(v) ⊔ E
11) ht(v) ≤ 3.
Proof. Since closed orbits are minimal sets, we have assertion 4). Lemma 3.6 implies
assertion 1). Lemma 4.5 implies assertion 9). By Lemma 3.7 and Lemma 7.2,
assertion 2) holds. Proposition 7.7 implies δP ⊆ S1. By the definition of a limit
circuit, we have Plc ⊂ S1. This means that assertion 3) is true. Proposition 7.13
implies assertion 11). Proposition 7.15 implies assertion 5). A generalization of the
Poincare´-Bendixson theorem for a flow with finitely many singular points implies
that intP− Plc ⊆ maxS. By the definition of maxS and assertion 9), assertion 6)
holds. Assertions 3) and 6) imply assertion 7). By assertion 6) and Lemma 7.10,
we have assertion 8). Since a minimal set is either a closed orbit, a locally dense
Q-set, or an exceptional Q-set, assertion 10) holds. 
We list all possible orbit closures of maximal points with respect to the pre-order.
ht = 3 ht = 2 ht = 1 ht = 0
E + δP intP− Plc E δP δ Sing(v)
E + Sing(v) intP− Plc E δ Sing(v)
E intP− Plc E
LD + δP LD δP δ Sing(v)
LD + Sing(v) LD δ Sing(v)
LD LD
Limit circuit intP− Plc δP ⊔ Plc δ Sing(v)
Limit cycle intP− Plc δ Per(v)
Separatrix P− Plc δ Sing(v)
intCl(v) intCl(v)
Table 3.
Lemma 9.5. Let x ∈ S3 be a point. Then O(x) ∩ S2 ∩ E 6= ∅. Moreover, if
ω(x) ∩ S2 ∩ E 6= ∅, then the following statements hold:
O(x) = O(x) ∩ S3 ⊆ intP− Plc
ω(x) ∩ S2 ⊆ E
ω(x) ∩ S1 ⊆ δP
ω(x) ∩ S0 ⊆ Sing(v)
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Lemma 9.6. Let x ∈ S2 ∩maxS be a point.
If x ∈ LD, then the following statements hold:
Oˆ(x) = O(x) ∩ S2 ⊆ LD
O(x) ∩ S1 ⊆ δP
O(x) ∩ S0 ⊆ Sing(v)
If x ∈ intP − Plc and O(x) ∩ E = ∅, then O(x) contains a limit circuit and the
following statements hold: If ω(x) is a limit circuit, then
O(x) = O(x) ∩ S2 ⊆ intP− Plc
ω(x) ∩ S1 ⊆ δP ⊔ Plc
ω(x) ∩ S0 ⊆ Sing(v)
If ω(x) ∩ E 6= ∅ (and so x ∈ intP− Plc), then the following statements hold:
O(x) = O(x) ∩ S2 ⊆ intP− Plc
ω(x) ∩ S1 ⊆ E
ω(x) ∩ S0 ⊆ Sing(v)
Lemma 9.7. Let x ∈ S1 ∩maxS be a point.
If x ∈ LD, then the following statements hold:
Oˆ(x) = O(x) ∩ S1 ⊆ LD
O(x) ∩ S0 ⊆ Sing(v)
If x ∈ δP, then the following statements hold:
O(x) = O(x) ∩ S1 ⊆ δP
O(x) ∩ S0 ⊆ Sing(v)
If x ∈ intP− Plc and O(x) ∩ E = ∅, then the following statements hold:
O(x) = O(x) ∩ S1 ⊆ intP− Plc
O(x) ∩ S0 ⊆ Cl(v)
If ω(x) ∩ E 6= ∅ (and so x ∈ intP− Plc), then the following statements hold:
O(x) = O(x) ∩ S1 ⊆ intP− Plc
ω(x) ∩ S0 ⊆ E
Lemma 9.8. minS ∩maxS ⊆ Sing(v) ⊔ int Per(v) ⊔ LD.
These results imply the following generalization of the Poincare´-Bendixson the-
orem.
Theorem 9.9. An ω-limit set of an orbit of a flow with finitely many fixed points
on a connected compact surface is one of the following exclusively:
i) a closed orbit,
ii) a dense minimal set which is a torus
iii) an exceptional minimal set
iv) a height one attracting limit circuit
v) a height one locally dense Q-set with singular points
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vi) a height one exceptional Q-set with singular points
vii) a height two locally dense Q-set with connecting separatrices
viii) a height two exceptional Q-set with connecting separatrices
10. Decompositions of flows
Recall that an operation Ct cuts an essential closed transversal and pastes one
sink disk and one source disk, an operation Co cuts an essential periodic orbit and
pastes one or two center disks, and an operation Cd removes an essential one-sided
(resp. two-sided) loop in D and pastes a double covering (resp. two copies) of
the loop to the new boundary (resp. new two boundaries) (see Figure 2). Cutting
essential parts, we can reduce surface flows into spherical flows.
Lemma 10.1. Let v be a quasi-regular flow on a connected compact surface S, So
the resulting surface from S by applying an operation Co as possible, Sd the resulting
surface from So by applying an operation Cd as possible, and St the resulting surface
from Sd by applying an operation Ct as possible. Then each connected component
of the surface St is a subset of a sphere.
Proof. Removing (∂-)0-saddles, we may assume that there are no (∂-)0-saddles.
Let vσ be the resulting flow from v on Sσ, where σ ∈ {o, d, t}. Since S is com-
pact, the surface So can be obtained by taking operations Co finitely many times.
By construction, the flow vo has no essential periodic orbits. By construction, the
flow vd has neither essential periodic orbits nor essential loops in D. Since Sd is
compact, the surface St can be obtained by taking operations Ct finitely many
times. Then the flow vt has neither essential closed transversals, essential loops in
D, nor essential periodic orbits. Since each Q-set intersects some essential closed
transversal, the flow vt has no Q-sets but consists of proper orbits. We show that
each connected component of St is a subset of a sphere. Indeed, replacing ∂-sinks
(resp. ∂-sources) with pairs of a ∂-saddle and a sink (resp. a source) (see Fig-
ure 14), we may assume that there are neither ∂-sinks nor ∂-sources on St. Then
each singular point on the boundary ∂St is a multi-saddle. Let S3 be the result-
ing closed surface from a connected component of St by collapsing all boundaries
into singletons and v3 the resulting flow on S3. Then each new singular point of
v3 is a multi-saddle. Quasi-regularity of v implies that each singular point of the
resulting flow v3 is either a multi-saddle, a sink, a source, or a center. Recall that
each separatrix connecting a sink or a source does not belong to any multi-saddle
connection. For a k-saddle connection of v3 (k > 0) such that there is a separatrix
from a source to it (resp. from it to a sink), applying the inverse operation of Chl
to the separatrix, we obtain a (k − 1)-saddle connection (see Fig. 15). Applying
the operations finitely many times and removing 0-saddles, we may assume that
there are no ss-separatrices connecting a multi-saddle and either a sink or a source.
Therefore each separatrix from (resp. to) a multi-saddle is a multi-saddle separa-
trix. Then each separatrix either connects a sink and a source or is contained in
the multi-saddle connection diagram D(v3) of v3. By Lemma 7.11, the directed
circuit is a limit circuit or is parallel to a periodic orbit. This means that each
multi-saddle connection of v3 is null homologous with respect to H1(S3) and so
is null homotopic. Collapsing closed disks each of whose boundaries is contained
in the multi-saddle connection diagram D(v3) into singletons, the new singletons
are either centers, sinks, or sources. Thus we may assume that D(v3) = ∅ and
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Figure 14. Replacing a ∂-sink with a pair of a sink and a ∂-saddle
?? ??
?
?
Figure 15. Inverse operation of the Cherry blow-up operation
Chl to a separatrix from a k-saddle to a sink
that each periodic orbit is null homotopic. Therefore v3 consists of sinks, sources,
centers, non-closed proper orbits, and null homotopic periodic orbits. Since there
are no essential periodic orbits, there are singular points whose indices are positive.
Then the Euler characteristic is positive. Hence the Poincare´-Hopf theorem implies
that S3 is a sphere or a projective plane. We show that S3 is a sphere. Otherwise
S3 is a projective plane. By the non-existence of multi-saddles, the Poincare´-Hopf
theorem implies that there is a just one singular point. Suppose that there is a
center. Removing a small open center disk B, the complement S3 −B is a Mo¨bius
band without singular points and so their first return map to an closed transverse
arc is an orientation-reversing homeomorphism on a closed interval. Then it has
a unique fixed point which corresponds to a one-sided periodic orbit, which con-
tradicts to non-existence of essential periodic orbits. Suppose that there is a sink
(resp. source). Since there is only one singular point, which is a sink (resp. source),
there is a closed disk B whose boundary is a periodic orbit and whose interior is the
unstable manifold of the sink (resp. the stable manifold of the source) and so the
complement S3−B is a Mo¨bius band without singular points. The same argument
implies the contradiction. Thus each connected component of St is a subset of a
sphere. 
Note that the operation Cd is necessary in the previous lemma (see Figure 16).
Recall that Bd = ∂ Sing(v) ∪ ∂ Per(v) ∪ ∂P ∪ ∂LD ∪ ∂E ∪ Psep ∪∂Per. We describe
the complement of the border point set Bd as follows.
Theorem 10.2. Each connected component of S − Bd for a quasi-regular flow v
on a compact surface S is one of the following:
1) an open flow box in P,
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Figure 16. A flow on a torus with heteroclinic multi-saddle sep-
aratrices but without essential closed transversals nor essential pe-
riodic orbits
2) an open annulus in P,
3) a torus in Per(v),
4) a Klein bottle in Per(v),
5) an open annulus in Per(v),
6) an open Mo¨bius band in Per(v), or
7) an open essential subset in LD.
Proof. Removing (∂-)0-saddles, we may assume that there are no (∂-)0-saddles.
Replacing ∂Per with centers, we may assume that ∂Per = ∅. Since the boundary
∂S is contained in Bd, taking the double of a manifold, we may assume that S is
closed. Fix a connected component U of S − Bd. Lemma 7.18 implies that the
open subset U is contained in either int Per(v), int(P−Psep), or LD. Suppose that
U ⊆ LD. Since LD is open, fix a point x ∈ U and a transverse arc I ⊂ U where
x is the interior point in I. Since a Mo¨bius band contains an annulus, taking a
small transverse arc if necessary, by the waterfall construction, there is a closed
transversal in U intersecting x. By Lemma 3.3, the closed transversal is essential
and so is U . Suppose that U ⊆ int Per(v). If ∂U = ∅, then U is either a torus or
a Klein bottle. Thus we may assume that ∂U 6= ∅. Then U is an open annulus
or an open Mo¨bius band. Suppose that U ⊆ int(P − Psep). The ω-limit (resp.
α-limit) set of each point in U is either an exceptional Q-set, a limit circuit or
a sink (resp. a source). Cutting an essential periodic orbit and pasting one or
two center disks (i.e. taking operation Co), by induction, we may assume that
each periodic orbit is null homotopic. Removing directed circuits in Bd, taking
the metric completion, and collapsing the new boundaries into singletons, we may
assume that there are no directed circuits in Bd. In particular, there are neither
limit circuits nor self-connected multi-saddle separatrices. By construction, new
singletons are either sinks, sources, centers, or multi-saddles. Cutting the closures
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of multi-saddle separatrices, collapsing new boundary components into singletons,
we may assume that there are no multi-saddle connection separatrices on ∂U . Note
U contains no multi-saddles. Then the ω-limit (resp. α-limit) set of each point in
U is either an exceptional Q-set or a sink (resp. a source). Suppose that U ∩E = ∅.
Note that the case U contained in the sphere satisfies the condition U ∩ E = ∅.
Then we show that U is an open flow box in P by cutting U into small open flow
boxes. Indeed, the ω-limit (resp. α-limit) set of each point in U is a sink (resp. a
source). Fix a sink s which is the ω-limit set of a point in U and a small closed
transversal γ which is a boundary of a sink disk of the sink s. If γ is contained in
U , then U is an open annulus in P. Thus we may assume that γ is not contained in
U . Then there are separatrices Oi between the sink s and multi-saddles such that
Oi ⊂ ∂U . Since each multi-saddle in ∂U connects between a sink and a source, the
boundary ∂U consists of sinks, sources, multi-saddles, and separatrices of multi-
saddles connecting sinks or sources. Taking a double of U , the resulting flow on the
resulting closed surface consists of sinks, sources, 0-saddles, and non-closed proper
orbits. Since the index of each singular point is non-negative, the existence of a
sink and the Poincare´-Hopf theorem implies that the double is a sphere and there
are exactly one sink and one source except 0-saddles on the double. This means U
is an open flow box in P. Thus we may assume that U ∩ E 6= ∅. This implies that
S is not spherical. Cutting an essential closed transversal in LD and pasting one
sink disk and one source disk, we may assume that LD = ∅. Cutting an essential
closed transversal γi intersecting E and pasting one sink disk and one source disk
(i.e. applying an operation Ct) as possible, let T the resulting surface from S, w
the resulting flow, and U− ⊆ T be the resulting subset of U \
⋃
i γi. By Lemma
10.1, the resulting surface T is spherical. Let Uk be the connected components of
U− with U− =
⊔
k Uk. Denote by U˜ (resp. U˜k) the saturation of U
− (resp. Uk) by
w. By the proof of spherical case, each connected component U˜k of U˜ is an open
flow box such that ω(x) = ak and α(x) = bk for some new sink ak and some new
source bk. Then each connected component Uk of U \
⋃
i γi is an open flow box each
of whose transverse boundary components is a closed interval in an essential closed
transversal γi. In other words, each connected component Uk has one positive
transverse boundary and one negative transverse boundary. Since U is constructed
by pasting positive boundary and a negative boundary of Uk as possible, we have
U is an open flow box in P. 
The previous theorem implies the following statements.
Corollary 10.3. Each connected component of S − BD for a quasi-regular flow v
on a compact surface S is one of the following:
1) an open flow box in P,
2) an open annulus in P,
3) a torus in Per(v),
4) an open annulus in Per(v), or
5) an open essential subset in LD.
Recall that a quasi-regular flow without Q-sets (i.e. LD⊔E = ∅) is of finite type
if there are at most finitely many limit cycles.
Corollary 10.4. The following statements hold for a quasi-regular flow v on a
compact surface S:
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1) (S − BD)/vˆ is a disjoint union of singletons, open intervals and circles.
2) If v is of finite type, then (S−BD)/vˆ is a finite disjoint union of open intervals
and circles.
3) LD = ∅ if and only if (S − BD)/v is a disjoint union of open intervals and
circles.
In the finite type case, we obtain the following statement.
Theorem 10.5. The following statements hold for a flow v of finite type on a
compact surface S:
1) The orbit space (S −Dss)/v (resp. (S − Bd)/v ) is a finite disjoint union of
intervals and circles.
2) The orbit space (S − BD)/v is a finite disjoint union of open intervals and
circles.
11. Density of periodic orbits in the omega limit set
In this section, we consider when the omega limit set corresponds to the closure
of the union of closed orbits. It is known that the rotation number of a circle
homeomorphism f : S1 → S1 is rational if and only if Per(f) = Ω(f), where Per(f)
is the set of periodic points of f . Note Fix(f) ⊆ Per(f), where Fix(f) is the set of
fixed points of f .
First, we show that the condition Cl(v) = Ω(v) implies the non-existence of Q-
sets and of strict limit non-periodic circuits. Recall that a non-wandering flow on
a compact surface has no exceptional orbits (i.e. E = ∅).
Lemma 11.1. Let v be a flow on a compact surface S. If Cl(v) = Ω(v), then
LD ⊔ E = ∅ (i.e. S = Cl(v) ⊔ P ).
Proof. Since weakly recurrent orbits are non-wandering, we have LD⊔E ⊆ Ω(v) =
Cl(v). Proposition 7.15 implies that Cl(v)∩(LD⊔E) = ∅ and so that LD⊔E = ∅. 
Lemma 11.2. Let v be a flow on a compact surface S. If Cl(v) = Ω(v), then there
are no strict limit non-periodic circuit.
Proof. Suppose that there is a strict limit non-periodic circuit γ. The previous
lemma implies Ω(v) ∩ intP = Ω(v) − Cl(v). By definition, the circuit γ contains a
point in Ω(v) ∩ intP = Ω(v)− Cl(v) and so Cl(v) 6= Ω(v). 
Note that the converse of Lemma 11.1 is not true, because of the flow vϕ con-
structed at the end of §3. Moreover, there is a flow v on a compact surface S
with countable singular points and with a non-periodic non-limit directed circuit
in Ω(v) such that Cl(v) 6= Ω(v) (see Figure 17). Indeed, consider a toral flow w
with one essential limit cycle C but without singular points. Fix a point z ∈ C and
a non-closed proper orbit O. Write an open disk D := T2 − (C ⊔ O). Choose a
closed transversal T through z, a point x ∈ O, and a monotonic sequence (tn)n∈Z
on O such that T ∩ O = {xn}n∈Z, limn→∞ tn = ∞, limn→−∞ tn = −∞, and
limn→∞ xn = limn→−∞ xn = z, where xn := wtn(x). Write Dn the open flow box
with four corners xn, xn+1, xn+2, xn+3 such that D−T =
⋃
n∈ZDn. Write an open
flow box D′2n = D2n⊔D2n+1 ⊔ ((T \O)∩D2n ∩D2n+1) ⊂ D. Replacing the closure
of each D′2n by a box with a flow as shown in Figure 17, we obtain the resulting flow
v on the torus T2 such that the singular point set Sing(v) = {z}⊔ {xn, yn}n∈Z ⊂ T
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Figure 17. An open flow box D′2n
is countable, T2 = Sing(v)⊔P, and Ω(v) = C ⊔{xn, yn}n∈Z ) Sing(v) = Cl(v). We
describe a property of neighborhoods of directed non-limit cycles.
Lemma 11.3. Let v be a flow on a compact surface S and γ a directed circuit
with isolated singular points and with an associated collar A of γ such that γ is not
a limit circuit with respect to A. Then γ ⊂ Per(v). Moreover there is a sequence
(On)n∈Z>0 of periodic orbits each of which is essential in A and is homologous to
γ.
Proof. Taking A small, we may assume that A contains no singular points. Then
each periodic orbit contained in A is essential in A. Fix a regular point x ∈ γ and
a transverse arc T ⊂ A from x. Since O ∩ A∩ γ = ∅ for any orbit O intersecting A,
the first return map with respect to T − {x} has fixed points which converge to x.
Since each fixed point corresponds to a periodic orbit which is essential in A, this
implies γ ⊂ Per(v) in A ⊔ γ. 
We consider the non-wandering case.
Lemma 11.4. Let v be a flow on a compact surface S. The following are equivalent:
1) v is non-wandering and Cl(v) = Ω(v).
2) v is non-wandering and LD = ∅.
3) intP = ∅ and Cl(v) = Ω(v).
4) LD ⊔ intP = ∅ (i.e. S = Cl(v) ⊔ δP ).
5) Cl(v) = S.
Proof. Recall that S = Sing(v)⊔Per(v)⊔P⊔LD⊔E. Obviously, the conditions 1) and
5) are equivalent. We prove that the non-wandering property is equivalent to the
property intP = ∅. Indeed, since P is the complement of the set of weakly recurrent
points, the non-wandering condition implies intP = ∅. Conversely, the condition
intP = ∅ implies that the closure of the set of weakly recurrent points is the whole
surface S. This means that v is non-wandering. The equivalence implies that the
conditions 1) and 3) (resp. 2) and 4)) are equivalent. We show that the condition
4) is equivalent to the condition 5). Indeed, suppose LD ⊔ intP = ∅. By Lemma
2.3 [21], we have E = ∅ and so S = Cl(v) ⊔ P. Since intP = ∅, we have S = Cl(v).
Conversely, suppose Cl(v) = S. Then intP = ∅ and Sing(v) ∪ Per(v) = S ⊇ LD.
Since Per(v) ∩ LD = ∅, we obtain LD = ∅. This implies that LD ⊔ intP = ∅. 
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In the non-wandering case, the non-existence of locally dense orbits is equivalent
to the property Cl(v) = Ω(v).
Corollary 11.5. Let v be a non-wandering flow on a compact surface S. The
following are equivalent:
1) Cl(v) = Ω(v).
2) LD = ∅.
We consider the case S = Per(v) ⊔ P.
Lemma 11.6. Let v be a flow on a compact surface S. If S = Per(v) ⊔ P, then P
is open and Ω(v) = Cl(v) = Per(v).
Proof. Since each ω-limit (resp. α-limit) set of an orbit in P is a limit cycle, the
union P is open and so Ω(v) = Cl(v) = Per(v). 
11.1. Density of periodic orbits in the omega limit set for (quasi-)regular
flows. We consider the regular case without (∂-)saddles (i.e. quasi-regular case
without multi-saddles).
Lemma 11.7. Let v be a quasi-regular flow without multi-saddles on a compact
surface S. Then LD ⊔ E = ∅ if and only if Cl(v) = Ω(v). In each case, we have
Cl(v) = Ω(v)
Proof. By Lemma 11.1, the condition Cl(v) = Ω(v) implies LD⊔E = ∅. Conversely,
suppose that LD ⊔ E = ∅. Since the relation Ω(v) = Cl(v) is invariant under the
orientation double covering (resp. taking the double of a manifold), taking the
orientation double covering (resp. the double of a manifold), we may assume that
S is closed orientable. Quasi-regularity implies that each singular point is either
a center, a sink, or a source. Note the index of each singular point is one. The
Poincare´-Hopf theorem implies that S is either a sphere or a torus. Suppose that
S is toral. Since v is regular and has no saddles, the flow has no singular points.
Then S = Per(v) ⊔ P. By Lemma 11.6, the assertion holds. Suppose that S is
spherical. Then S = Sing(v) ⊔ Per(v) ⊔ P. The Poincare´-Hopf theorem implies
that there are exactly two singular points, each of which is a center, a sink, or a
source. Moreover, each omega limit set of a non-closed point is either a sink, a
source, or a limit cycle. We show that the union Cl(v) is closed. Indeed, assume
that there are two singular points which are sinks or sources. Define σ (resp. µ)
as follows: σ = u if x is a sink (resp. µ = u if y is a sink) and σ = s if x
is a source (resp. µ = s if y is a source). Then W σ(x) (resp. Wµ(y)) is an
open disk and W σ(x) − {x},Wµ(y) − {y} ⊆ intP. Applying Lemma 11.6 to the
compact surface S − (W σ(x) ∪ Wµ(y)), the union P is open and so the union
Cl(v) is closed. Assume that v has two centers. Then the complement of two
centers consists of regular points in Per(v) ⊔ P. Fix two disjoint open center disks
D,D′ each of whose boundary is a periodic orbit. Applying Lemma 11.6 to the
compact surface S − (D ⊔ D′), the union P is open and so the union Cl(v) is
closed. Thus we may assume there is exactly one center. Then there is a sink or a
source. By time reversion if necessary, we may assume that there is a sink x. Then
W s(x) − {x} ⊆ intP. Fix an open center disks D whose boundary is a periodic
orbit. Applying Lemma 11.6 to the compact surface S − (D ⊔W s(x)), the union
P is open and so the union Cl(v) is closed. Since the complement P = S − Cl(v)
which is open, it is the set of non-weakly-recurrent points. By the Poincare´-Hopf
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theorem, since each omega limit set of a non-closed point is either a sink, a source,
or a limit cycle, for any point of P, there is a closed transversal intersecting its
orbit and contained in P around either a limit cycle, a sink, or a source. Therefore
P consists of wandering points and so S − P = Ω(v) = Cl(v) is closed. 
Recall that a regular flow without (∂-)saddles is a quasi-regular flow without
multi-saddles and vice versa.
Lemma 11.8. Let v be a quasi-regular flow on a connected compact surface S.
Suppose that the multi-saddle connection diagram contains no directed circuit (i.e.
is a forest as a graph ). Then LD ⊔ E = ∅ if and only if Cl(v) = Ω(v). In each
case, we have Cl(v) = Ω(v).
Proof. By Lemma 11.1, the condition Cl(v) = Ω(v) implies LD⊔E = ∅. Conversely,
suppose that LD ⊔ E = ∅. Then S = Cl(v) ⊔ P. We may assume that S 6= Cl(v).
By Lemma 11.7, we may assume that there are multi-saddles. As above, taking
the orientation double covering (resp. the double of a manifold), we may assume
that S is closed orientable. Let D be the multi-saddle connection diagram. We
show that P is open. Indeed, by Lemma 7.1, the quasi-regularity implies that
each boundary component of Per(v) is either a center or a limit cycle. This means
that ∂ Per(v) ⊆ Cl(v) and so Cl(v) is closed. Then the union P = S − Cl(v) is
open. By the non-existence of Q-sets and of directed circuits and by the Poincare´-
Bendixson theorem, the ω-limit (resp. α-limit) set of a point in P \ D is either a
limit cycle, a sink (resp. a source), or a multi-saddle. This implies that each orbit
closure of a point in P \D contains either a limit cycle, a sink, or a source. Then
there is a closed transversal around either a limit cycle, a sink, or a source which
is contained in P. Therefore P − D consists of wandering points. We show that
P∩D = Pss consists of wandering points. Indeed, fix a point x contained in P∩D.
Note that the complement S−BD consists of two open invariant subsets int Per(v)
and P − Psep. The non-existence of limit circuits implies that O(x) is a subset of
the boundary ∂(P − Psep) and there are two open flow boxes in P each of whose
boundary contains x and of which is a connected component of P − Psep, and so
that there is a small wandering neighborhood of x. Therefore each point in P is
wandering (i.e. P ∩ Ω(v) = ∅) and so Cl(v) = Ω(v). 
To use the induction of the number of directed non-periodic circuits, we show
the following lemma.
Lemma 11.9. Let v be a quasi-regular flow on a compact surface S and γ a directed
circuit. Suppose that there are no strict limit non-periodic circuit. Removing γ,
taking the metric completion of S−γ, and collapsing each new boundary component
into a singular point, denote by w the resulting flow on the resulting compact surface
T . Then Cl(v) = Ω(v) if and only if Cl(w) = Ω(w).
Proof. As above, taking the orientation double covering (resp. the double of a
manifold), we may assume that S is closed orientable. Since there are no strict
limit circuit which is not a periodic orbit, we have γ ⊂ Per(v) ⊔ LD ⊔ E. For a
point x ∈ S − γ, denote by xˆ the resulting point of x in T . Denote by γˆ the two
point set of new singular points of w induced by γ. In other words, the mapping
ˆ: S−γ → T− γˆ is a homeomorphism. Note Cl(v) =ˆ−1(Cl(w)− γˆ)⊔(Sing(v)∩γ) =
{x | xˆ ∈ Cl(w)−γˆ}⊔(Sing(v)∩γ) and Cl(w) = (Cl(v)\γ)ˆ⊔γˆ = {xˆ | x ∈ Cl(v)\γ}⊔γˆ.
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Suppose that Cl(v) = Ω(v). Theorem 11.1 implies LD ⊔ E = ∅. By construction,
we have LD(w) ⊔ E(w) = ∅. This implies that S = Sing(v) ⊔ Per(v) ⊔ P and T =
Sing(w) ⊔ Per(w) ⊔ P(w). Fix a point p ∈ Ω(w). We show that p ∈ Cl(w). Indeed,
if p ∈ γˆ, then p ∈ Cl(w). Thus we may assume that there is a point x ∈ S− γ such
that p = xˆ. Fix any neighborhood U of x with U ∩γ = ∅. Since xˆ is non-wandering,
there is an arbitrarily large number r > 0 such that Uˆ ∩
⋃
t>r wt(Uˆ) 6= ∅. Since the
circuit γ is closed invariant, we obtain U ∩
⋃
t>r vt(U) 6= ∅. This means that x ∈
Ω(v)− γ = Cl(v)− γ and so p = xˆ ∈ Cl(w). Therefore Cl(w) = Ω(w). Conversely,
suppose that Cl(w) = Ω(w). As above, we obtain S = Sing(v) ⊔ Per(v) ⊔ P and
T = Sing(w) ⊔ Per(w) ⊔ P(w). Fix a point x ∈ Ω(v). We show that x ∈ Cl(v).
Indeed, suppose x ∈ γ. We may assume that O(x) is not periodic. Since γ is
not a strict limit non-periodic circuit, it is a non-strict limit circuit. The quasi-
regularity implies x ∈ Per(v). Thus we may assume that x ∈ Ω(v) − γ. Fix any
neighborhood Uˆ of xˆ with Uˆ ∩ γˆ = ∅. Then U := {x ∈ S | xˆ ∈ Uˆ} is a neighborhood
of x such that U ∩ γ = ∅. Since x is non-wandering, there is an arbitrarily large
number r > 0 such that U ∩
⋃
t>r vt(U) 6= ∅. Then Uˆ ∩
⋃
t>r wt(Uˆ) 6= ∅ and so
xˆ ∈ Ω(w)− γˆ = Cl(w)− γˆ. Therefore x ∈ Cl(v). This implies Cl(v) = Ω(v). 
Proposition 11.10. Let v be a quasi-regular flow on a compact surface S. If
LD ⊔ E = ∅ and there are no strict limit non-periodic circuit, then Cl(v) = Ω(v).
Proof. Suppose that LD ⊔ E = ∅ and there are no strict limit non-periodic circuit.
By the Poincare´-Bendixson theorem, the absence of Q-sets implies that each ω-limit
(resp. α-limit) is either a closed orbit or a limit circuit and that S = Sing(v) ⊔
Per(v)⊔P = Cl(v)⊔P. Taking the orientation double covering (resp. the double of
a manifold), we may assume that S is closed orientable. Let N(v) be the number
of directed circuits in the multi-saddle connection diagram. By induction on N(v),
we show the assertion. Indeed, if N(v) = 0, then Lemma 11.8 implies the assertion.
Thus we may assume that there is a directed circuit in the multi-saddle connection
diagram. Since there are no strict limit non-periodic circuit, taking an innermost
circuit γ, for any edge e of γ, there is a directed circuit µ with the associated collar A
such that µ contains e but is not a limit circuit with respect to A. By Lemma 11.3,
we have µ ⊂ Per(v). As in Lemma 11.9, removing µ, taking the metric completion
of S − µ, and collapsing each new boundary into a singular point, denote by w the
resulting flow on the resulting compact surface T . Then we have N(w) < N(v).
By Lemma 11.9, the inductive hypothesis implies the assertion. 
Summarizing the necessary and sufficient conditions, we obtain the following
statement.
Theorem 11.11. Let v be a quasi-regular flow on a compact surface S. The
following conditions are equivalent:
1) LD ⊔ E = ∅ and there are no strict limit non-periodic circuit.
2) Cl(v) = Ω(v).
Note the quasi-regularity is necessary. In other words, Cl(v) ( Ω(v) in general.
Indeed, there is a flow v on a compact surface S with LD⊔E = ∅ and Cl(v) ( Ω(v)
but without strict limit non-periodic circuit (e.g. Example before Lemma 11.3).
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12. Graphs of surface flows
Let v be a quasi-regular flow with E = ∅ on a compact surface.
12.1. Abstract multi-graphs of separatrices. Lemma 8.2 and Corollary 9.3
imply the following statement.
Corollary 12.1. The quotient space Dss/vex = Dss/vˆex (resp. Bd /vex = Bd /vˆex)
for a quasi-regular flow v with E = ∅ on a compact surface is an abstract multi-
graph.
Denote by Gss = (Vss, Ess) the abstract multi-graph Dss/vˆex. Note that each of
Vss and Ess is a subset of Gss = Dss/vˆex. Moreover, the vertex set Vss consists of
multi-saddle connections, a limit cycle, a sink, a ∂-sink, a source, or a ∂-source. The
edge set Ess consists of ss-separatrices which are arranged in cyclic ways around
limit circuits, sinks, and sources (resp. in linear ways around ∂-sinks and ∂-sources).
Define a label lEss : Ess → 2
Dss/vˆ × 2Dss/vˆ by lEss(O) := (α(O)/vˆ, ω(O)/vˆ). Note
that the label lEss can be considered as a pair of binary relations (≤α,≤ω) on
S/vˆ defined as follows: xˆ ≤α yˆ if x ∈ α(y) and xˆ ≤ω yˆ if x ∈ ω(y). Denote
by Ss ⊆ Vss the set of sinks, ∂-sinks, sources, and ∂-sources. In other words, the
subset Ss is the set of singular points except centers and multi-saddles. Put Ess(x)
the set of edges of Ess which are connected to x ∈ Ss. Define a label lVss(x) for
a singular point x ∈ Ss on ∂S (resp. out of ∂S) by a cyclic order <c (resp. a
total order <t) near x on Ess(x). Recall that the orbit space D/v for a quasi-
regular flow on a compact surface is a finite abstract multi-graph and that if v is of
finite type then Dss is the union of D, Ss, limit cycles, and ss-separatrices. Define
D+ := D ⊔ δ Per(v) ⊔ Ss ⊆ Dss. Recall that an ss-component for a flow of finite
type is either a sink, a ∂-sink, a source, a ∂-source, or a limit circuit, and that an
ss-separatrix for a quasi-regular flow connects a multi-saddle and an ss-component.
For a flow v of finite type on a compact surface, the difference Dss −D+ consists
of ss-separatrices. In other words, if v is of finite type, then D+ is a generalized
surface directed graph and the relative complement of the union of ss-separatrices in
Dss. Denote by GD+ = (VD+ , ED+) the abstract multi-graph D+/v. Define a label
LD+(v) by the isotopy class of the inclusion of D+ on the surface S. Note that the
set of isotopy classes of embeddings of realizations of finite abstract multi-graphs
on a compact surface is enumerable (i.e. countable by an algorithm). Therefore
the set of labels LD+ for flows of finite type on compact surfaces is enumerable.
Put Ess(γ) the set of edges of Ess which are connected to a limit circuit γ. Define
a label lD+(γ) for a limit circuit γ with the collar direction by a cyclic order <c
on Ess(γ) near a vertex γ ∈ VD+ . If v is of finite type, then the union D+ can be
reconstructed as both a topological space and a generalized surface directed graph
by the abstract multi-graph GD+ = D+/v with label LD+ . Recall that Ss is the set
of sinks, ∂-sinks, sources, and ∂-sources. We characterize isolated vertices of D+.
Lemma 12.2. Let I be the subgraph of GD+ consisting of isolated vertices. We
have (δ Per(v) ⊔ Ss)/v = I.
The finiteness of limit circuits implies the following statement.
Lemma 12.3. Suppose that Dss has at most finitely many limit cycles. The fol-
lowing statements hold:
1) GD+ = D+/v is a finite abstract multi-graph.
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2) D+ is a disjoint union of a finite graph and finitely many circles.
3) (Dss −D)/vˆex = (Dss −D)/vˆ.
4) (Dss −D)/vˆex = (Dss −D)/v if E = ∅.
5) Gss = Dss/vˆex is a finite abstract multi-graph if E ⊆ minS.
Lemma 12.4. Let p : Dss → Gss be the canonical projection. Suppose that v is
quasi-regular, E = ∅, and D+ has at most finitely many limit cycles. The following
statements hold:
1) Gss = Dss/vex is a finite poset with respect to the specialization pre-order ≤ss
for the quotient topology.
2) Vss = D+/vex
3) Ess = (Dss −D+)/vex
By Lemma 12.3 and Lemma 12.4, if a flow on a compact surface is of finite type,
then the ss-multi-saddle connection diagram Dss can be reconstructed as both a
topological space and a generalized surface directed graph by the abstract multi-
graphs Gss and GD+ with labels lVss , lEss , lD+ , and LD+ .
12.2. Dual graphs of the ss-multi-saddle connection diagram. Define the
dual graph Gss = (V ss, Ess) of the ss-multi-saddle connection diagram Dss as fol-
lows: The vertex set V ss consists of the connected components of S − Dss. An
edge UiUj exists if and only if dim(Ui ∩ Uj) = 1 and the closure Ui ∩ Uj contains
ss-separatrices.
12.3. Labels of V ss. For a quasi-regular flow v on a compact surface, define a label
lss : V ss → {D,A+,A−,T,K,A,M,L} as follows: the label lss(U) is D if U is an
open flow box in P, A+ (resp. A−) if U is an open annulus in P but not (resp. and)
a Reeb domain, and T (resp. K,A,M,L) if U is a torus in Per(v) (resp. a Klein
bottle in Per(v), an open annulus in Per(v), an open Mo¨bius band in Per(v), and an
open essential subset in LD). We also define a label lDss : V ss → 2Dss/v ∪{{H,K} |
H,K ⊆ Dss/v} ∪ (2Dss/v × 2Dss/v) as follows:
lDss(U) := (α(x)/v, ω(x)/v) for some x ∈ U if lss(U) = D, A±, or L (i.e. U ⊆
P ⊔ LD),
lDss(U) := ∂U/v if lss(U) =M, T, or K (i.e. U is non-orientable or closed), and
lDss(U) := {∂−U/v, ∂+U/v} if lss(U) = A, where ∂−U and ∂+U are the boundary
components of the annulus U . By Theorem 10.2, the label lDss is well-defined and
is either a single or a pair of connected subsets. Note that lDss(U) = ∅ if and only
if U is a closed surface.
12.4. Reductions. Denote by χ(S) the space of flows on a compact surface S.
Put χ :=
⋃
χ(T ), where the union runs over compact surfaces. Denote by χF ⊂ χ
the subspace of flows of finite type (i.e. quasi-regular flows without Q-sets such
that there are at most finitely many limit cycles). The class χF contains some
good classes of flows. In particular, we have Σr(S) ⊔ Hr∗(S) ⊂ χF , where Σ
r(S)
is the subset of χr(S) formed by the Morse-Smale Cr-vector fields and Hr∗(S) is
the set of regular Hamiltonian Cr vector field each of whose saddle connection is
self-connected. Then a flow v in χF can be reconstructed from the finite data
(Gss, lVss , lEss , GD+ , lD+ , LD+ , G
ss, lss, lDss). To state precisely, we define some no-
tations as follows: Denote by Gl the set of finite abstract multi-graphs with labels.
Define a mapping p : χF → Gl × Gl × Gl by
p(v) := (Gss, lVss , lEss , GD+ , lD+ , LD+ , G
ss, lss, lDss).
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Figure 18. Three kinds of sectors
Denote by ∼ the topological equivalence on χF (i.e. an equivalent relation defined
by v ∼ w if there is a homeomorphism h : S → T which is orbit-preserving (i.e.
the image of an orbit of v is an orbit of w) and preserves orientation of the orbits).
Write χ˜F by the quotient space of χF by the equivalence ∼. Denote by G˜l the
quotient space of Gl by the isomorphisms. Now we can state precisely that a flow
v in χF can be reconstructed from the finite data as follows.
Theorem 12.5. The induced map p˜ : χ˜F → G˜l×G˜l×G˜l is well-defined and injective.
Proof. First, the union D+ = D ∪ δ Per(v) ⊔ Ss ⊆ Dss can be reconstructed as
both a topological space and a surface directed graph by the abstract multi-graph
GD+ = D+/v with label LD+ which is the isotopy class of the inclusion of D+ on
the surface S. Second, since the difference Dss−D+ consists of ss-separatrices, the
ss-multi-saddle connection diagram Dss can be reconstructed as both a topological
space and a generalized surface directed graph by the union D+ and by the abstract
multi-graph Gss with labels lVss , lD+ , and lEss . Third, each connected component
of the complement of Dss can be reconstructed by the vertex set V
ss of Gss and by
the label lss. Finally, we can paste Dss and the complement by the edge set E
ss of
Gss and label lDss . 
13. Final remarks
Each of conditions of “finite type” (i.e. quasi-regularity, finite conditions of
limit cycles, non-existence of Q-sets) is necessary to construct a complete invariant
using finite data. Indeed, finite condition of limit cycles is necessary for finite
descriptions. As we mention, the set of topological equivalence classes of minimal
flows (resp. Denjoy flows) on a torus is uncountable. Similarly, the set of singular
points is uncountable up to locally topological equivalence. In fact, singular points
with infinitely parabolic sectors as shown in Figure 18 forms a uncountable subset
because we can choose the directions of infinitely sectors as shown in Figure 19.
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Figure 19. A degenerate singular point with infinitely many par-
abolic sectors
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